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Abstract 

We consider orbifoldings of the Moonshine Module with respect to the 
abelian group generated by a pair of commuting Monster group elements 
with one of prime order p = 2, 3, 5, 7 and the other of order pk for k = I 
or k prime. We show that constraints arising from meromorphic orbifold 
conformal field theory allow us to demonstrate that each orbifold partition 
function with rational coefficients is either constant or is a hauptmodul for 
an explicitly found modular fixing group of genus zero. We thus confirm in 
the cases considered the Generalised Moonshine conjectures for all rational 
modular functions for the Monster centralisers related to the Baby Monster, 
Fischer, Harada-Norton and Held sporadic simple groups. We also derive 
non-trivial constraints on the possible Monster conjugacy classes to which 
the elements of the orbifolding abelian group may belong. 
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1 Introduction 

Orbifold constructions in Meromorphic Conformal Field Theory ||l,§ (MCFT) 
and Vertex Operator Algebras [@,§,|6| provide the most natural setting for un- 
derstanding Moonshine phenomena The Moonshine Module (lO),[|| 
whose automorphism group is the Monster finite sporadic group M, is an orbifold 
MCFT constructed by orbifolding the Leech lattice MCFT with respect to the 
group generated by a reflection involution. The Moonshine Module partition func- 
tion is the classical elliptic J function which is a hauptmodul for the genus zero 
modular group SL{2, Z) and is beHeved to be the unique MCFT with this parti- 
tion function Q. Orbifolding the Moonshine Module with respect to the group 
generated by g G M leads naturally to the notion of the orbifold partition func- 
tion i.e. the Thompson series Tg. Monstrous Moonshine is mainly concerned with 
the property, conjectured by Conway and Norton [jll] and subsequently proved 
by Borcherds , that each Thompson series Tg is a hauptmodul for some genus 
zero fixing modular group. Assuming the uniqueness of the Moonshine Module, 
this genus zero property is believed to be equivalent to the following statement 
[|: the only orbifold MCFT that can arise by orbifolding with respect to g is 
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either the Moonshine Module itself (for g belonging to a so-called Fricke Mon- 
ster conjugacy class) or the Leech lattice MCFT (for g belonging to a non-Fricke 
Monster conjugacy class). 

The Generalised Moonshine conjecture of Norton jl^] is concerned with mod- 
ular functions associated with a commuting pair /i e M and asserts that each 
such modular function is either constant or is a hauptmodul for some genus zero 
fixing group. No extension of the Borcherds' approach to Monstrous Moonshine 
has yet been shown to be possible for Generalised Moonshine. We argue that 
the most natural setting for these conjectures is to consider orbifoldings of the 
Moonshine Module with respect to the abelian group (g, h) generated by g, h 0. 
In the cases where {g, h) can be generated by a single Monster element, for ex- 
ample when g and h have coprime orders, then Generalised Moonshine follows 
directly from Monstrous Moonshine. In this paper we consider the case where 
g is of prime order p — 2,3,5 and 7 and is of Fricke type and h is of order pk 
for A: = 1 or fc prime. We confirm Norton's conjecture for modular functions 
with rational coefficients in these cases by considering orbifold modular proper- 
ties and some consistency conditions arising from the orbifolding procedure. We 
also demonstrate a number of other non-trivial aspects of Generalised Moonshine 
such as properties of the character expansion of Generalised Moonshine functions 
in terms of irreducible characters for the centraliser of g in M and constraints 
on the possible Monster conjugacy classes to which the elements of {g, h) may 
belong. 

We begin in Section 2 with a general review of Abelian orbifold constructions 
in Meromorphic Conformal Field Theory (MCFT). We also briefly review the 
construction of the Moonshine Module and the relationship between the genus zero 
property of Thompson series Tg in Monstrous Moonshine for g g M and evidence 
to support the claim that the only possible MCFTs obtainable by orbifolding the 
Moonshine Module with respect to the group generated by g are the Moonshine 
Module, for g Fricke, and the Leech lattice MCFT, for g non-Fricke. 

In Section 3 we begin with a discussion of general properties for Generalised 
Moonshine Functions (GMF) following from the orbifold considerations of Section 
2. We then prove two theorems concerning constraints that arise from the consis- 
tency of orbifolding the Moonshine Module with respect to (g, h) under various 
choices of generators. These constraints are exploited in Section 4 in order to 
determine the residues of singular cusps of GMFs. In particular if all elements of 
{g, h) are non-Fricke the GMF is constant. We then prove some modular proper- 
ties of GMFs with rational coefficents in the cases where g is Fricke of prime order 
p = 2,3,5 and 7 and h is of order pk for fc = 1 or A; prime. This analysis in part 
relies on properties of the characters of the centralisers of the Monster related 
to the Baby Monster, Fischer, Harada-Norton and Held sporadic simple groups. 
We also highlight the importance of the Monster conjugacy classes to which the 
elements of {g, h) belong in determining the possible singularities of a GMF. 

In Section 4 we give a comprehensive analysis of the possible singularity struc- 
ture of GMFs for the cases under consideration. In each case we demonstrate that 
either the given singularity structure is inconsistent or else all singularities of the 
GMF can be identified under some genus zero fixing group for which the GMF 
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is a hauptmodul. Thus we obtain non-trivial constraints on the Monster classes 
to which the elements of (17, h) may belong and verify the Generalised Moonshine 
conjecture in these cases. 

In Appendix A we review the definitions of standard modular groups. In 
Appendix B we consider the first ten coefficients of a general GMF as character 
expansions for the Monster centralisers related to the Baby Monster and Fischer 
centraliser subgroups. 

2 Abelian Orbifolds and Monstrous Moonshine 

2.1 Self-Dual C = 24 Meromorphic CFTs 

A Meromorphic CFT (MCFT) or chiral CFT is a CFT whose n-point functions 
are all meromorphic as described in ||], A MCFT essentially corresponds 
to a Vertex Operator Algebra in the pure mathematics literature as reviewed in 
[i> ll> §!• We briefly review some of their basic properties. A MCFT {V,n) 
consists of a Hilbert space of states 7i together with a set of vertex operators 
V = {V{'iIj,z) = X^raez ^"•^"""'''''1^ ^ ^} where is the conformal weight 
(see below) and where each mode ipn acts as a linear operator on Ti.. The vertex 
operators are local meaning that for given ip,ip £ Ti. and sufficiently large N 

{V{^, z)V{ip, w) ~ V{ip, w)V{'ip, z)){z ~ w)^ = 0. (1) 

Ti. contains a distinguished vacuum state |0) such that 

Vi\0),z) = Uh, (2) 
lim,^o^^(^,2)|0) = V- (3) 

Ti. also contains a Virasoro state uj with vertex operator Laurant expansion V (cu, z) = 
SnGZ ^nZ~"~'^ where L„ generates the Virasoro algebra of central charge C 

[Lm, Ln] = (m - n)L„i+n + J^^i'^^ ^ m)5jn.-n- (4) 

We will consider here MCFTs of central charge C — 24 only. The vector space 
Ti. is decomposed into finite dimensional spaces 7i„ with non-negative integral Lq 
grading n, the conformal weight. Taking these various properties together, the 
vertex operators then satisfy the Operator Product Expansion (OPE) for \z\ > \w\ 

Vi^p,z)Viip,w) = V{V{^p,z~w)lp,w) (5) 

= E„>oE,,„„^^.^(x.-)(---)"-''^-''^ (6) 

with -0/1 „(iy9) — J^xen ^^ip^ ^'^^ where the sum is taken over some basis for 

[|, §. ^ " 

The automorphism group Aut(V) of V is the group of linear transformations 
g :TL ^ TL which preserves the Virasoro state uj and where 

gV{^,z)g-^ = V[gij,z). (7) 
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The OPE (||) is then invariant under Aut(V). In the case of the Moonshine 
Module V\ Aut(V'') = M the Monster group, which has a unitary action on V''. 
We will assume that Aut(V) has a unitary action from now on (which is expected 
physically from unitarity). 

A representation {U,IC) of a MCFT {V,H) consists of a vector space (mod- 
ule) K. together with a set of local vertex operators U ={U{ip, z)\'ip g Ti.} where 
the modes of U{tp,z)act as linear operators on JC with U{\0),z) — Idyc- These 
operators satisfy the OPE 

U{ij,z)Uiip,w)^U{V{i;,z-w)ip,w), \z\ > \w\. (8) 

{U,IC) is an irreducible representation if JC contains no non-trivial submodule in- 
variant under the modes of {U{4>,z)}. (V,7i) is said to be a Self-Dual MCFT or 
a Holomorphic VOA if (V,7i) is the unique irreducible representation for itself. 
We assume that /C is decomposed into Verma modules of the Virasoro algebra of 
V with non-negative integral Lq grading i.e. we consider unitary Virasoro repre- 
sentations. Let /Co C /C denote the subspace of lowest Lq grading. Then for an 
irreducible representation, JC is generated by the action of the modes of {[/(V^, z)} 
on /Co- 

The automorphism group A\it{U) of U is the group of linear transformations 
g : JC ^ JC of the form 

gU{^P,z)g-' ^U{gij,z) (9) 

for some g € Aut(V). A general element of Aut(V) may give rise to a mapping 
between different representations and so we denote by Aut^cCl^) the subgroup of 
Aut(V) associated with (|[). Clearly AutK;(V) acts projectively on /C with a natural 
homomorphism from A\it(U) to Aut^cCl^) whose kernel consists of phase multi- 
pliers assuming that Aut(Zi) acts unitarily on K. i.e. Aut{U) = U (1) .Antjc{V) . 
For an irreducible representation, where JCq is one dimensional, then the U{1) 
subgroup of Aut{U) has the same action on all elements of JC so that 

Aut{U) = [/(I) X AutK;(V), (10) 

if dim(/Co) — 1. 

Let us now assume that V is Self-Dual. The characteristic function (or genus 
one partition function) for V of central charge C = 24 is given by 



Z(t) =Tr^(g^«-i), g = e2.»r 

where r G H, the upper half complex plane, is the usual elliptic modular pa- 
rameter. V has integral grading so that Z{t) is invariant under T : t ^ t + 1. 
Self-duality implies that Z{t) is invariant under S : t —^ —1/t so that Z(t) is 
invariant under the modular group SL{2, Z), generated by S,T ||T^. Hence Z{t) 
is uniquely determined up to an additive constant by J(t), the hauptmodul for 



SL{2,Z) ll6| 



Z{t) - J{t)+No, 

Ji-r) = 4|- 744=^ + + 196884?+..., (12) 
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where 77(t) = 9"^^^* nri>o(-'^ ~ Dedekind eta function, Enir) is the 

Eisenstein form of weight n [|l6j and A^o is the number of conformal weight 1 
operators in V. Examples of such theories are lattice models, which we denote by 
V^, where A is one of the Niemeier even self-dual 24 dimensional lattices. Then 
Z{t) = Qh/'rf'^ with 0a = X^asA 9"^ the lattice theta function for A. In this 
paper we will be particularly concerned with the Leech lattice for which A^o = 24 
and the Moonshine Module V'' for which A^o = 0. 



2.2 Twisted Sectors of a Self-Dual MCFT 



In this section we briefly review relevant aspects of twisted representation of a 
MCFT. Let G — Aut(V), denote the automorphism group for V. Consider 
(7 € G of finite order o{g) = n and define the trace function 



Z 



(r) -TrnCffg^"- 



(13) 



Clearly Z 



(r) = Z{t) of (ini). In the case where V = the Moonshine 



Module, ( p^ ) is the Thompson series (see below). Let Ti,^^^ denote the eigenspace 
of Ti. for g with eigenvalue for w„ = exp(27ri/n). The twisted representation 
(Vg,7ig) of (V,7Y) consists of a set of vertex operators Vg = {Vg{i) , z)\'4> G 7i} 
with mode expansion 



(14) 



whose modes ipm are linear operators on Tig . The twisting property corresponds 
to the monodromy relation Vg{ip,e'^^^z) = Vg{g~^ip, z). Furthermore the twisted 
vertex operators satisfy the 'twisted' non-meromorphic OPE 

Vgi^,z)Vg{ip,w)^u;-^''Vg{V{'iP,z-w)cp,w), (15) 

for -0 € Ti^-') and where 6 = 0, 1, 2..., n — 1 labels the sheet for the branched n-fold 
covering for (w/z)^/". For (V,7i) self-dual, {Vg^Hg) always exists and is unique 
up to isomorphism Furthermore, under conjugation by any element x G G 
then x{Vg)x^^ is isomorphic to V^gx-i- 

Considering ( |T^ ) for ip,ip G TiS'^^ we see that (yg,TLg) forms a reducible 
representation for (V'-*'\ 7^^°-*) as in (||) where V^^-* are the vertex operators for 
T-L^^\ Hg can therefore be decomposed into Lq eigenspaces Hg — ©m^o^s^™ 
where Tig.™ has rational Lq eigenvalue i?Q -I- 1 -I- m/n. The subspace {(Jg} for 
a = 1, 2, £)g of lowest grade i?g -f 1 is called the twisted vacuum space. Eq 
is called the vacuum energy and Dg is called the vacuum degeneracy. 

The automorphism group, Aut(Vg), preserving ( p^ ) can be defined in a way 
similar to (^ as an extension of Gg — {h G G\gh — hg}, the centraliser of g in 
G. Since Vg is unique for a self-dual MCFT we have Aut(Vg) = U{l).Gg. If the 



twisted vacuum is unique {Dg = 1) then Aut(Vg) = C^(l) x Gg from (10) 
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Let g £ Aut(Vg) denote the lifting of g with action on the twisted vacuum as 
follows 



9^, 



exp( 



(16) 



where exp(— 27rii?Q ) is a U{\) phase. Then ( p^ implies that in general 

gipg = exp(-27ri/(,3)'(/'g, (17) 

where tpg € TLg has Virasoro grading hg. Clearly n\o{g), where o{g) is the order 
of 5, since 5" is a lifting of the identity element of Cg so that Eq G 'L/o{g). We 
say that g is a Normal element of G if nEf^ S Z so that g is of order n, otherwise 
we say that g is an Anomalous element of G. 

Let g be a normal element of G and consider the twisted spaces (Vgk ,Ti.gk) 



for k 



1,2,. 



1. Let Ti'"''k denote the eigenspace of Tigk with g eigen- 



value uj^ where H^^ can be further decomposed into Lq eigenspaces n^k^. 
Then { ( V^^^* , 7i^{'' ) } comprises the irreducible representations for the MCFT 
(V(0),7i(0)) g. Clearly Aut(V(°)) 3 Gg where Gg = Cgl{g) so that Aut(V^^'^) = 
U{l).Gg. Note that AutCl^^-'^) depends on J in general. In particular, if the twisted 



vacuum is unique then cjg e T-6g°^ for some jq and Aut(V, 



C/(l) X Gg from 



0^ where 



exp(-27ri£;g). 



We next define the trace function for Hg = 0?^o ®m=o ^9'!™ follows 



(r) ^ Tr«,,(g^-i) 



Tr„<,,(g^"-i) = g-^>$:Z?^ 



m=0 



(18) 
(19) 

(20) 



where the coefficient D^g)m is the dimension of the representation Pg"Jm of Aut(V^^'^) 
defined by t^g^m- Then Dg is the dimension of p^, the representation of Aut(Vg"''') 
acting on the twisted vacuum. 

We can similarly define the general trace function for h E Aut(Vg) lifted from 
/i e Cg by 



Z 



h 
9 



(r) ^ TrnX^q^^^') (21) 

n— 1 00 

= E?"'^"E41(%'" = x^(%''' + -' (22) 

j=0 m=0 

where Xg}n{h) — Tr {pl''}n{h)) denotes a character oi h E Aut(Vg"''') and is the 
character for p^. We assume below that a particular choice for h can be made 
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which resolves the ambiguity inherent in the notation Z 



denoting the trace 



When Dg = l, then Xg/rnW/x^gCh) is a character for Cg for j ^ jo and is a 
character for Gg for j = jo where u!^° = exp(— 27rii?Q). 

For general commuting elements g, h, the trace function transforms under 

a modular transformation with respect to 7 = b 



following way 



e 5L(2,Z) in the 



{T)^e{g,h;j)Z 



(23) 



where 7T 



ar+b 

CT + d' 



and where e{g,h;^) is a phase multiplier 

L y J L y J 

[0, [|. We will assume that if all elements in {g,h), the group generated by 
g and h, are normal then we may choose a lifting of h'^g'' such that the phase 
multiplier e{g,h;j) = 1 i.e. there are no global phase anomalies We will 

employ the abbreviation h for the chosen lifting h G Aut(Vg) oi h (z Cg from now 
on. In general, the absence of this phase multiplier is an essential ingredient in 
the orbifolding procedure that we discuss below. 

Suppose that the g twisted vacuum is one dimensional i.e. Dg = 1. Let 
4>gih) denote the lifting of h in its action on this twisted vacuum (and hence 
giving the extension of h on all of Hg) where in particular (j)g{l) = 1 and cj)g{g) — 
exp(— 27rii?Q). We conjecture that (l)g{h) has the following properties where g'^h'^ 
is a normal class for all a, b: 



4h follows from modular invariance with Z 



h" 
9 



{t + \) = Z 



g-'h 
9 



(24) 
(25) 

(r) 



using ( |l7| ) so that (j)g{g°'hf') = (j)g{g)°'(j)g{h!') and the assumption that g'^'^h^ — 
{gYiJif' for normal classes g°-h!'. We will prove ( p5|) assuming (^) for the specific 
examples of Generalised Moonshine Functions that we consider later on. 



2.3 Orbifolding a MCFT 

Assume that all elements of {g) ~ Z„, the abelian group of order n generated 
by (7, are normal elements of Aut(V). Then (V'"\7Y^"-') has v? irreducible repre- 

- 1. The (5) orbifold MCFT V^f^ is the 



sentations {V^J^ , H^i' ) for j, k 



0. 



MCFT with Hilbert space U^^^ = ®fe=d^g"-^ ■ We assume that we can augment 
the operators V^°^ with appropriate local operators so that the OPE (j|) is satis- 



(0) 



fied. The characteristic function of vjf,^ is Z'^^l^ ~ i YM^k=o ^ 



7(9) _ 

lb 



which is a 
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modular invariant from ( |2^ ) since s{g, h;j) = I. Hence V^f^ is a self-dual MCFT 
and so Z^^I{t) = J(r) + A^q^^ as in ([l^) where A^q^^ is the number of conformal 
weight 1 operators in V^f^. 

We can similarly consider the orbifold MCFT V^^^jj'''* found by orbifolding with 
respect to the abelian group {g,h) of order \{g,h) \ generated by two commuting 
elements g, h where all the elements of {g, h) are assumed to be normal, v'^^^'^ 
has Hilbert space H^?;^^ = V(g^h){®v(^(g,h)'Hy) where Vt^g^u) = Et,6(3./i) « 

denotes the projection with respect to the group {g, h). Again we assume that we 
may augment the MCFT 7^(g_h.)V with appropriate local vertex operators. V^^^''^ 

then has modular invariant characteristic function ^i?,'''^ = "'"..i „^ /„ k\ Z 

^orh^ is therefore a self-dual MCFT and so ^i?b'^(^) = •^(^) + A^d"'''^- 

We assume that these orbifold MCFTs further can be considered as vari- 
ous embeddings in a larger non-meromorphic CFT (V',7i') with Hilbert space 
H' = (Bve{g,h)T^v- In this CFT, all twisted states are created by vertex operators 
satisfying some non-meromorphic OPE of the generic form 



u 

V 



V{i,, z)V{ip, w)=Y, C^^Vix, w){z - n,f--h^-^-^^, (26) 

X 

for ip G Tig, ip e Tih and x ^ '^gh and similarly for all commuting pairs in 

{g^h). V^^{^^ then consists of all V' operators invariant under {g,h). A rigorous 
discussion in the case of the reflection automorphism orbifolding of the Leech 
lattice theory appears in | p^ . 

Consider independent generators g, h of {g, h) i.e. g^ ^ for all A = 
l,...,o(.g) — 1 and B = l,...,o{h) — 1 where o{g) is the order of g etc. Then 
\{g,h)\ = o{g)o{h) and V(g^h) = 'Pg'Ph, where Vg = -^^YTk^l'^ g'' denotes the 

projection operator with respect to g. The orbifold V^f^'*^ can then be considered 
as a composition of orbifoldings for any independent generators g, h where 

o(g)-l o(ft)-l 

vit^ = Vg{ T'^i E V/^O) 

fc=0 1=0 
o{g)-i 

= E (^^i)a-))-i^oXtl (27) 

A:=0 

using the uniqueness of the twisted sectors for a self-dual MCFT and the assumed 
embedding of V^^^''^ , V^f^ and V^^''^ in V. Later on we consider the consistency of 
7^ under the various possible independent choices for the generators of (g, h) in 



proving Theorems 3.1 and 3.2 in Section 3 
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2.4 The Moonshine Module and Monstrous Moonshine 

The Moonshine module V'' is historically the first example of a self-dual orbifold 



MCFT 1 10 and is constructed as a Z2 orbifolding of V^, which denotes the Leech 
lattice MCFT from now on. The Z2 automorphism r G Aut(V^) is a lifting of 
the lattice reflection symmetry chosen so that VrTi.^ contains no Virasoro level 
one states. The r- twisted space has vacuum energy Eq — 1/2 > (r is 
a normal element of Aut(V^)) and hence contains no Virasoro level one states. 
The resulting orbifold MCFT, V'^ = (y^)^^X^ therefore has characteristic function 
J{t) (|i|) with Aut(V'') = M, the Monster group (lO[ |]. We can identify a 'dual' 
automorphism r* e M where Vriji-^) (respectively Vr{Ti-r)) is even (respectively 
odd) under r* This is an obvious automorphism of the non-meromorphic 

OPE (|2|) for V for g, /i e (r). Then orbifolding with respect to r* we recover 
V'^. Furthermore, one obtains the Monster centraliser Cr- = 2^"*'^^.Coi where Coi 
denotes the Conway simple group and 2^"^^^ is an extra-special 2-group ||l^, ^ Q . 

It is conjectured that is characterised (up to isomorphism) as the unique 
self-dual C = 24 MCFT with characteristic function J(t) [Q. We may con- 
sider other Z„ orbifoldings of with characteristic function J(t) which should 
reproduce according to this conjecture. In general, we can classify all auto- 
morphisms a S Aut(V^) lifted from automorphisms a S Coq the Leech lattice 
automorphism group for which can be explicitly constructed satisfying the 
following constraints j|] 

(i) VaTi,^ contains no Virasoro level one states i.e. d is fixed point free. 

(ii) is non-tachyonic (i.e. Eq > ) and furthermore contains no Virasoro 
level one states so that 

E^>0 (28) 

(iii) a is a normal element of Aut(V^). 

There are 38 classes of Coq obeying these constraints including the 5 prime 
ordered cases considered by Dong and Mason |^ . 

For each of these 38 classes, we expect that a self-dual MCFT V^°^ with char- 
acteristic function J(t) exists. Furthermore, we can identify a dual automorphism 

a* of order n so that = ((V^)OTb)OTb^ ^^"^ where the a* centraliser agrees with 
a corresponding Monster centraliser in all known cases All of this provides 
evidence that iV^)^^]^ ~ in each construction lending weight to the uniqueness 
conjecture. 

Let us now define the Thompson series T'g(r) for each 5 e M 



(r) (29) 



= - + 0+[l + XA{g)]q + -. (30) 

q 

where XA^g) is the character of the 196883 dimensional adjoint representation for 
M. The Thompson series for the identity element is J(t) of (p^, which is the 
hauptmodul for the genus zero modular group SL{2, Z) as already stated. 
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Conway and Norton |0 conjectured and Borcherds |T^] proved that Tg{T) is 
the hauptmodul for some genus zero fixing modular group Tg. This remarkable 
property is known as Monstrous Moonshine. In general, for g of order n, Tg{T) is 
found to be ro(n) invariant up to h}^ roots of unity where h is an integer with h\n 
and ft. 1 24 (see Appendix A for the definition of various standard modular groups). 
<; is a normal element of M if and only if /i = 1, otherwise g is anomalous. Tg(r) 
is fixed by some Tg D TqJN) which is contained in the normalizer of Tq{N) in 
SL{2, R) where N ~ nh This normalizer contains the Fricke involution Wn 
: T —1/Nt. All classes of M can therefore be divided into Fricke and non- Fricke 
type according to whether or not Tglr) is invariant under the Fricke involution. 
There are a total of 51 non- Fricke classes of which 38 are normal and there are a 
total of 120 Fricke classes of which 82 are normal. We now briefly describe how 
the genus zero properties of Monstrous Moonshine can be understood be using 
the orbifold ideas reviewed in the last section , § . 

For each of the 38 Leech lattice automorphisms a satisfying the conditions (i)- 
(iii) above we can compute the dual automorphism Thompson series Ta* ■ This 
agrees precisely with the genus zero series for the 38 non-Fricke normal classes of 
the Monster where 

Ta'ir) = Tr„4a(?^°-i)-ai (31) 
= -^-ai' (32) 

with 77a (t) — nfc|n^(^''')°'° whcrc a is a lifting of a G Coq with characteristic 
equation det(a; — a) = Jlfeinl^^'^ ~ 1)°'' ^^'^ where n = o{a) = o{a). {ofc} are 
called the 'Frame-shape' parameters of a. We can also identify the other 13 non- 
Fricke classes which are anomalous and find the corresponding correct genus zero 
Thompson series ||]. This is further evidence for the assertion that (V^)q°|, ~ 
implied by the uniqueness conjecture for which we will now assume from now 
on. 

Consider next / € M, a Fricke element of order n. For normal elements we 

orbifold V'' with respect to (/) to obtain a self-dual MCFT {V'^)^. Assuming 

Tfij) is a hauptmodul then (V^)^^^ ~ for every normal Fricke element [1). The 

converse is also true, where given that (v^);;; ~ for some / G M then Tf is 
the hauptmodul for a genus zero modular group containing the Fricke involution 
[H. In general, assuming the uniqueness conjecture, for all normal elements 

(a) 

VA ^ ^ Ta- , Tf are hauptmoduls (33) 

where the arrows represent an orbifolding with respect to the indicated group. 

For any normal Fricke element / G M of order n ( ^3|) is equivalent to the 
following properties for the twisted sector V/ : 

(i) The Vf vacuum is unique so that Df — 1 and has negative vacuum energy 
Eq = — 1/n. Vf is then said to be tachyonic. 
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(ii) If is Fricke then f is also Fricke where {o{f^),o{f^)) = land n = 

These conditions are then sufficient to supply all the poles and residues of Tf 
so that Tf is a hauptmodul for a genus zero fixing group which includes the Fricke 
involution ^. The genus zero property for an anomalous class of M, which 
corresponds to the Harmonic formula of |ll| , is described in |^ . 

The orbifold method can also be employed to explain the Conway Norton 
Power Map Formula, which is a property of the Thompson series, independent of 
the hauptmodul property: 

Power Map Formula: Suppose Tg is invariant under ro(n|/i) + ei, 62,... . 
Then for any d, Tgd is invariant under TQ(n'\h') + e'^, 62,... , where n' — n/ {n, d), 
h' — h/{h,d) and e[, Cj,... , are the divisors of n'/h' amongst the numbers ei, 

62,... . 



3 Generalised Moonshine 

3.1 Properties of Generalised Moonshine Functions 

We now consider Generalised Moonshine Functions (GMFs) which are generalised 
Thompson series depending on two commuting Monster elements of the form 



h 
9 



(T) = Tr„,(/ig^«-i), 



(34) 



for h £ Cg where the action of the lifting of h on is also denoted by h as 
discussed in section 2. Norton has conjectured that [Q: 

Generalised Moonshine. The GMF is either constant or is a hauptmodul 
for some genus zero fixing group ^h,g- 

Note. We denote the fixing group for Z ^ (o(g)r) by Th.g which is obvi- 
ously conjugate to ^h.a- 

The properties of (p3) that follow from the previous section can be summarised 
as follows: 

(i) When all elements of (g, h) are normal elements of M then for 7 £ SL{2, Z) 



(7t) 



h'^g-^ 
h-'^g'' 



(35) 



Hence T^.g 5 T{o{h), o{g)) defined in Appendix A. In practice r(o(/i), o{g))<Th,g- 
In particular, since 7 and —7 act equally we have 



" h ' 






= Z 




_ 9 , 







(36) 



which property is known as charge conjugation invariance. 
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(ii) Given the uniqueness of the twisted sectors for V\ under conjugation by 
any element a; G M then x{V^)x~^ is isomorphic to so that 



h 
9 



0{g,h,x)Z 



hx-^ 

^1 



X. 

xgx 



(37) 
(38) 



with 



of (g4|) and (g5|). 



(iii) For a normal Fricke element / of order n the twisted sector Ti^ is unique 



with vacuum energy i?Q 



-1/n. Hence 



(39) 



from dig). Recall that the extension determined by the phase (f>f{h) for each 
h G Cf is chosen in order to comply with (|35|). If h and hf are in the same C/ 
conjugacy class where h — x{hf)x~^ for some x £ Cf, then using (|3|) for 7 = T, 



q) and (M) we find that Z 



0{f,h,x)Z 



hf 
f 



where 9{f, h, x) 



In general, conjugating with respect to elements of Cf we find that the GMF is a 
class function up to such an n*'' root of unity i.e. 9{g, h, x) £ (w„) for all x £ Cf. 
If, on the other hand, h and hf are not in the same Cf conjugacy class then (f>f 
can be chosen so that 



(j)f{xhx ^) — 4>f{h) 



(40) 



for all X £ Cf 
From (E2[) 



h 
f 



00 



ior h £ Cf we have 



m=0 



(41) 



The coefficient a 
GMF where s 



f,s{h) — X^Pmih) I (l)f{h) is called a head character for the given 
mn — j. Then af^sih) is a character for Gf where Gf — Cf/{f) 
for s = — 1 mod n and otherwise is a character for Gf. For example, if we choose 
f = 2+ (the 2yl Monster element) then Cf = 2.B and Cf = B, the Baby Monster. 
Then af^s{h) is a character for B for odd s and is a character for 2.B for even s 
[ pT| . This implies that the decomposition of ( p| ) into the irreducible characters 
of Cg involves only those characters obeying such conditions. This observation is 
confirmed in Appendix B for / = 2+ and 3+ where explicit character expansions 
are given. 

(iv) For a normal non- Fricke element a* of order n we find the S transformation 
of Tq* of (32) results in 



1 



(r) = -01+0(9!/") 



(42) 
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i.e. has vacuum energy Eq = 0. Furthermore, from ( p^ ) 



(43) 



with vacuum degeneracy Da* ~ dim(p2*) = — ai. Furthermore if (a*)^ is Fricke 
for some B then from (32) we find that o(a*)||n i.e. o{a*)\n and (n, o(a*)) = 1. 

(v) The value of (|34D at any parabohc cusp a/c with (a, c) = 1 is determined 
by the vacuum energy of the g°'h~'^ twisted sector from (i). If g'^h~'^ is Fricke then 
( p4[ ) is singular at a/c Q with residue <l)gaj^-a{h'''g~^). ( |3^ ) is holomorphic at all 
other points on H. Once these singularities are known, then (^) can be analysed 
to check whether it is constant or is a hauptmodul for an appropriate genus zero 
modular group. If all elements of (g, h) are Non-Fricke then there are no singular 

^ is holomorphic on H/r(o(/i), 0(5)) and hence is constant. 



cusps so that Z 



9 



This accounts for the constant GMFs referred to in the Generalised Moonshine 
Conjecture above. We therefore assume from now on that at least one element of 
{g, h) is Fricke which we chose to be g without loss of generality. The singularities 

^ are then constrained by certain orbifolding constraints 

which we discuss below in terms of two consistency theorems. 

(vi) The operators {Lq, ii} generate an sZ(2,C) sub-algebra acting on 



and residues of Z 



ng = ejJo ®™=o^9l ^here L_i(h2I) C H^^^+i and L,{n^ll) C 
so that 



n-/U) — Vpr , , r 



(44) 



Hence the corresponding representations for Aut(Vg) are related where p^L ~ 
Pn rn-i + Ps'-™ whcrc Pg'm is the representation formed by ker (3) Li. Therefore 



every character Xg}ra{h) for h e Aut(Vg) obeys the property 



(h) 



(45) 



In Appendix B we observe this property for the first ten head characters ag^mn-j (h) 
X^J}m{h) / (j)q{h) for g = p+ and p ^ 2 and 3. For p = b and 7 this property can be 
observed in |23l,|23l. 



3.2 Two Consistency Theorems 

In this section we prove two theorems which simplify our analysis of GMFs. Their 
purpose is to identify the phases (j)h-':go.{hf'g^^) for h~'^g"' Fricke appearing in 
(^5|). This will be achieved by considering the consistency of orbifolding with 
respect to (g, h) under various choices of independent generators. 

Theorem 3.1. Let g, e M be independent commuting elements where both g 
and h are Fricke such that 4ig{h) = 1 and where all elements of {g, h) are normal. 
Let u, V be any independent generators for {g, h) . Then: 
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(i) vi%^'>^vK 

(ii) If u is non-Fricke then (f)^A^B{u) ^ 1 for all Fricke elements u^v^ except 

possibly when o{v^)\\o{v) with (_B,o(w)) ^ 1. 

(iii) If u is Fricke then there is a unique A mod o[u) such that u^v is Fricke with 
(f>^Ay{u) = 1 and o{u^v) = o{v). 

Proof (i) Since h is Fricke and normal we have V^J^l ~ from (||). By 

assumption (/>g(/i) = 1 and hence (V^['^)g = P/iCV^ © V^^ © V^,^2 © ■••) is tachyonic 
i.e. has negative vacuum energy. Therefore g acts as a normal Fricke element on 
^orb — '^'^ orbifolding the latter with respect to g we find that V^f^,''^ ~ 
from (|3^ ) again. 

(ii) Since u,v are independent Vq"^^"^ = ("I^OTb)orb — '^'^ from (i). With u 
Non-Fricke then V^t - and hence (V^"^),b = P„(yS^ © V^^ © V^,^« © ...) is 
non-tachyonic except possibly when o{v^)\\o{v) and {B,o{v)) ^ 1. But if u"^v^ 
is Fricke, then V^^^^ is tachyonic so that ■p^ = on the corresponding vacuum 
sector i.e. (j)uAyB{u) ^ 1 except possibly when o{v^)\\o{v) and {B,o{v)) ^ 1. 

(iii) With u Fricke then V^"^ ~ But (vit)orb - ">^^ implies that w acts a 
Fricke element of order o{v) on V^",^ since u,v are independent. Hence (V^",^)!, = 
"PuiVy ffi ^™ ® ^^2„ © •■•) is tachyonic which is possible iff Vu = 1 on precisely 
one of the tachyonic vacuum sectors V^fly for some unique A mod o{u) where 
o{v) — o{u'^v). □ 

Example. Consider the orbifolding of with respect to (/) for / Fricke of 
non-prime order n. Let r\\n and consider m = /'' of order s = n/r and v = f '^ of 
order r. Then u,v are independent generators of (/) and Theorem 3.1 (iii) with 
g = f and h ~ 1 implies that if u is Fricke then there is a unique A mod s such 
that u-^v ~ jAr+s pj-icke of order r. But (r, s) = 1 implies that A = Q mod s so 
that V is Fricke. This is the Atkin-Lehner closure property for Thompson series 
[0 i.e. if / and are Fricke for r||rithen is also Fricke for s = n/r. 

Theorem 3.2. Let g,h € M be independent commuting elements where g is 
Fricke and h is Non-Fricke such that 4>g{h) = 1 and where all elements of {g,h) 
are normal. Let u, v be any independent generators for {g, h) . Then: 

(i) vi^,">c.V^. 

(ii) If u is Fricke then (py^AyB^u) ^ 1 for all u^v^ Fricke except possibly when 

o{vB)\\o{v) with iB,o{v)) ^ 1. 

Proof (i) Since g is Fricke V^f^ ~ from (H). Then either V^f^''^ 

® i^^l)h ® ••■) ^ or V^fb'^ - ^'^ when h acts as Fricke or Non- 
Fricke element on V^f^ from ( ^3| ) again. Assume that V^f,!,''^ ~ V'' and consider 
the alternative composition of orbifoldings V^f^,''^ = 'Pg^mL ® C'^orb)9 ® •■■) where 
since h is non-Fricke, V^^,^ ~ V^. But the condition 4>g(Ji) = 1 implies that the 
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vacuum energy of {V^'^l)g = VhVg 



is negative which is impossible according 



to (m. Therefore V, 



orb 



(ii) For independent u, v, Vi"^;"> = {Vi';l)i% ~ from (i) where u Fricke 
impHes V^^"^ ~ V''. Hence v is Non-Fricke in its action on V^^",^ and so (y^^l)yB = 



is non-tachyonic except possibly when o{v )\\o{v) 



and {B,o(v)) ^ 1. But if u^v^ is Fricke, then V^j^^b is tachyonic so that Vu — 
on the corresponding vacuum sector i.e. (j)uAyB{u) ^ 1 except possibly when 
o{v'^)\\o{v) &nd{B,o{v)) ^1. □ 

Note. There is no corresponding statement to (iii) in Theorem 3.1. This 
is because not all self-orbifoldings of the Leech theory are of 'Fricke' type e.g. 
the involution of Coq with frame shape 2^^/l^has a lifting a S Aut(V'^) with 
non-tachyonic vacuum energy — and vacuum degeneracy Da — 16 whereas 



3.3 Symmetries of Rational GMFs for g = p+ 

We now consider GMFs (jsj) where g is assumed to be Fricke and of prime 
order p i.e. g = p-\- in Conway-Norton notation (see Appendix A) for p — 
2,3,5, ...,31,41,47,59,71. If {g,h) = (u) for some u e M then (|3|) can always 
be transformed to a regular Thompson series ( p9[ ) via a modular transformation 
l5|) as follows 



h 
9 



{r) = Z 



[it), 



(46) 



where g 



h^u^ for some C, D and where A = (C, Z?), c = C/A, d = D/A 



and a, b are chosen so that ad — be ~ 1. In particular, this is always possible when 
pand o{h) are coprime. An example of this phenomenon is discussed later on in 
Section 4.4. In these cases, the genus zero property for the GMF therefore follows 
from that for a regular Thompson series (p9|). The GMFs with non-trivial genus 
zero behaviour then occur for /i S Cg where o{h) = pk for fc > 1. These only 
exist for p < 13. Furthermore, from now on we restrict our analysis to = 1 or 
k prime alone. 

We now make the further restriction of considering rational GMFs i.e. those 
with q expansion ( |4l| ) with rational (and therefore integral) coefficients. No ra- 
tional GMFs for o{h) — pk occur for p = 11 and 13 from explicit calculations of 
the head characters. We therefore only consider p — 2,3,5 and 7 from now on. 
This firstly implies that the GMF for p > 2 has leading q expansion in normalised 
function form Eql 



h 



^+0 + 0(9^/^), 



(47) 



i.e. 4>g{h) ~ 1. We may also assume this normalised function form for p = 2 by 
relabelling as discussed below. This choice is also sufficient to ensure that g, h 
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are independent generators of (17, h) since otherwise = for some A ^ mod 
p which imphes the contradictory relation {(j)g{h))'' = {4'g{g))^ — from (p^. 
Then the centrahser Cg and sporadic finite simple group Gg = Cg/{g) are as 
follows: 







Gg 


Name 


2+ 


2.B 


B 


Baby Monster 


3+ 


3.Fi 


Fi 


Fischer 


5+ 


5 X HN 


HN 


Harada-Norton 


7+ 


7 X He 


He 


Held 



Table \. g = p+ centralisers for p = 2,3, 5, 7. 



Each element / G Gg is the image of p distinct elements, which we denote by 
ig",!) e Cg fora = 1, ...pwhere (g^^h). = (.g^^+'^^+'^^'i^'^', ^1/2) withnon- 

C G 

trivial cocycle c{li, I2) for p = 2, 3. If (g^S ^i) ^ [g""^ , h) then clearly li ^ I2 and 

hence the conjugacy classes of Cg can be labelled (non-uniquely) by the conjugacy 

classes of Gg as in the ATLAS [p3. We define the (1, Gg) classes of Cg to be those 

classes displayed in the ATLAS. For p ^ 2,3 where Cg is a non-trivial extension 
(J 

of Gg then h ^ gh for some elements h ^ Cg and the corresponding (1, Gg) class 
contains elements of the form (g", I) for all a. Any Gg irreducible character x*^" 
becomes a Cg irreducible character with x{9'^i — x'^" (0 fo^' 1 = 1, ■■■P whereas 
for the remaining Gg irreducible characters we have x'^^id'^J) = ^pX'"" i^J)- 
The irreducible characters for the (1, Gg) classes are given unambiguously in the 
ATLAS for p > 2 [Q. For p = 2, we define the (1, Gg) classes to be those classes 
with characters as given in the ATLAS for 2.B. 

We will now restrict our attention to those elements h where o{h) = pk for 
k = 1 and k prime and h an element of a (1, Gg) class of Gg. We will find all the 
corresponding GMFs below using orbifold considerations and demonstrate that 
they must all have genus zero fixing groups. Towards this aim we firstly prove a 
theorem concerning the phase multipliers (j)g{h). 

Theorem 3.3. For g = p+, p = 2, 3, 5 and 7 and o{h) = pk, k = 1 or k prime 
and assuming then for h normal <pg{h) G (i^p). 

Proof. If fc = 1 then the result is obvious from ( |2^ ) since 4>g{hY — (j)g{h'P) = 1. 
It is necessary to separately consider (a) k = pand (b) k ^ p, k > 1. 

(a) Assume k = p. For p = 2 using charge conjugation ( |3^ ) we have 4>g{h) — 
(j)g{h~^) since g^^ = g so that 0g(/i) £ (±1) for all normal h. However, note that 
with h — 4|2+, an anomalous Monster class, we have g = h? = 2+ and h projects 
down to the 2G class of B. However in this case (j)g{h)'^ = (j)g{h?) = 4>g{g) = — 1 
and hence (t)g(h) = ±.i so that ( ^6| ) doesn't hold. This anomalous case is discussed 
later on in Section 4.5. 

For p > 2, = is of order p and hence (f>g{H) e (wp). From ( p4[ ) we have 
4)g{H) = (j)g{h)P. On the other hand 4)g{xHx^^) = (pg{xhx^^)P for all x E Gg. 
But then 9{g,H,x) — 0{g,h,xY — 1 and so from ( |38| ) 4>g{H) — (j)g{xHx^^). For 
p > 2 we also find that H must be an element of a class of type (l,Gg). For 
p = 5 and 7 this is obvious since the extension of Gg to Gg is trivial. For p = 3, 
all classes of order 3 in Fi lift to classes of order 3 in 3.Fi from the ATLAS 
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and hence the same result follows. From the ATLAS it is also clear that every 
class of order p and of type (1, Gg) is conjugate to at least one its powers. Hence 
4>g{H) = 4>g{H°') for some a 7^ 1 mod p. But since 4'g{H) G (wp) it follows that 
(j>g{H) = (f)g{H)'^ = 1 for p > 2. Hence (f>g{h) e {ujp) as claimed. 

(b) Lastly consider k ^ p, k > 1. Then H ~ is of order k coprime to p 
with (j)g{H) g (wfc) since (j>g{H)'' = (j)g{H'^) = 1. But in this case H and g are 

' can be directly found from the Thompson 



coprime and hence the GMF Z 



9 



series for a normal class of order pk i.e. either (i) H = fc+ with gH = pk+ or (ii) 
H = fc— with gH = pk + p from the power map formula. 



(i) H = k+ and gH = pk+. Since gH is Fricke we have V^^{f^ — V, 



,{aH) 

orb 



Consider (V^^^g = Pff(V^® V^^® ...0 V^^fc_i) which must be a tachyonic Fricke 

twisted sector of V^^^^^ of order p since V^^^^ ~ V^. However, gH"^ is of order p for 
a = mod p only so that T^h (V^) is tachyonic and hence 4>g{H) = 1. 

(ii) H = k— and ^if — pk + p. Since ^iJ is Non- Fricke we have V^^.^'^ ~ V^. 
9H ' 



Hence Z 



Tpk+pir) 



(r) is the known Thompson series 

24 



ri[kT)'q{pki 



(fc-i)(p+i) 



24 



(48) 



from (p3: 



This is invariant under the Atkin-Lehner transformation Wp (A. 5) of 

p 1 ' 



Appendix A which wc can choose as Wp = |^ 
coprime p, k. Then 



(fc-l)(p+l)' 
formation 

where dp — ck = \ for 



9H 
1 



(r) = Z 
= Z 



9H 
1 

H ' 
9 



{Wp{T)) 



(pr) = - 

q 



(49) 



so that (j)g{H) — 1 and hence (pgih) E {^p)- Note that this argument can also be 
directly used in (i) if we consider the Wp invariance for Tpk+. □ 



Corollary 3.4. With g,h as above in Theorem 3.5 then 

(a) If h and gh are conjugate in Cg we can choose 4>g{h) — 1 for p — 2,3. 

(b) If h and gh are not conjugate in Cg then for p = 3, 5, 7 we have 4>g{h) — 1 
iff h is an element of a {l,Gg) class of Cg. 

Proof, (a) As noted in Section 3.1 (iii) above if h and gh are conjugate in 



Cg (and hence both belong to a {l,Gg) class) then Z 



gh 
9 



LOnZ 



and 



similarly for any g°-h for all a. Hence from Theorem p.3| 4>g{g°'h) = 1 for some a 
so that after the relabeling g°-h ^ h we choose (pg{h) — 1. 



17 



(b) If h and gh are not conjugate in Cg then h is conjugate to /i° for some 
a 7^ 1 mod pk iff is a class of type (1, Gg) from the Atlas |Q. Furthermore from 

(jigih"") for some a ^ 1 mod pfc iff = 1 



□ 



(|0|) for p > 2 it follows that 
and hence the result follows. 

Remark. For p = 2 ii h and gh are not conjugate in Cg then we may choose 
(j)g{h) = 1 in conjunction with the definition of the (1, Gg) classes for 2.B. 



Corollary 3.5. For p ~ 3,5,7 then Z 
a member of a class of type (1, Gg). 



rational implies (t>g{h) = 1 and h is 



Proof. From Theorem 3.3 (t)g{h) e (ujp) which is rational for (t>g{h) = 1 only 
for p > 2. Hence from Corollary we have ft, is a member of a class of type 

{l,Gg). □ 

We make the following useful observations concerning the irreducible charac- 
ters for the groups of Table 1 which can be checked by inspecting the appropriate 
ATLAS character tables fH] . 

Lemma 3.6. The irreducible characters x for the groups Cp+ of Table 1 enjoy 
the following properties for (1, Gg) classes: 

(a) Any irrationality for x is quadratic i.e. for h G Gp+, xW = ai ^/b for some 

a, 6 G Q where b = for rational xW- 

(b) The number, N-^ , of independent irreducible characters of a given dimension 

is — 1 or 2 or in the case of the Held group possibly — 3. If = 2 
then the two characters, x '^'^'^ X (say), are irrational and algebraically 
conjugate i.e. x(ft) = a =p for all h in the notation of (a). In the case 
of the Held group there are three characters of dimension 1275 where two 
of the characters are irrational and algebraically conjugate and the other is 
rational. 

Note. A character is said to be irrational if it is irrational for at least one 
conjugacy class. Otherwise, it is said to be rational. Clearly if — 1 then the 
irreducible character x is rational since x is also an irreducible character. 

Examples. The Fischer group has two irreducible algebraically conjugate 
characters XGiXi of dimension 1603525 and two inequivalent conjugacy classes 
23A, 23B ll such that Xei^iA) = xii^iB) = (-1 + iV23)/2 and X6(23B) = 
X7(23A) = (-l-iV23)/2. 



Theorem 3.7. Consider g = p+ forp = 3, 5, 7 and o{h) — pk, fc = 1 or k prime. 

h 
9 



Suppose that xCgX 
rational. Then 



Gq for some a; G M and that the CMF Z 



(r) is 



Z 



' h ' 




xhx ^ 




= Z 




_ 9 . 




9 



(50) 
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Proof. Since the GMF is rational from Corollary 3.5 then (t>g{h) = 1 and 
ft, is a member of a {l,Gg) class. Furthermore h is conjugate to ft" for some 
a =^ 1 mod pk from an inspection of the ATLAS character tables iQ. Hence 
xhx~^ is conjugate to 
Therefore (j>g{xhx~^) = 



[xhx~ Y E^iid is also member of a {l,Gg) class of Cg. 
1 also. For any irreducible character x of Gg and for all 
h ^ Gg, x^{h) = xixhx'^^) is another irreducible character of the same dimension. 

Gg implies that the number of elements in the conjugacy 

X or 

3.6| then either 



Furthermore xGgX^ 

classes for ft and xhx~^ in Gg are equal. We now show that either x 

X, the algebraic conjugate. Suppose that x^ X- From Lemma ^ ^ 

(i) they are both irrational and algebraically conjugate with x^ = X or else (ii) 
Gg = He and x is of dimension 1275 where one is irrational x, say, and the other 
X^ is the unique rational character of dimension 1275. However the character 
table ||2^ for He reveals that (ii) cannot be true since there are no two conjugacy 
classes of He with the same number of elements for which a 1275 dimensional 
character x is irrational and the other x^ is rational. Hence = X if 7^ X- 

The head character ag^rnp-j{h) coefficient of (Mil) is rational by 

assumption and is some integer linear combination of the irreducible characters 
for Gg. If a given irreducible character xi^) is irrational then x and x must 
appear with the same (possibly zero) multiplicity and X + x = + ix)^ whereas 
if x(^) is rational then x{h) = X^{h). It is therefore clear that ag_rnp-j{h) — 
<ig,mp-j{xhx^^) for each head character and hence the result follows. □ 



Theorem 3.8. Consider g ~ p+ for p ~ 2,3,5,7 and o{h) = pk, k — 1 or k 

^ (t) is rational then 
9 



prime. If the GMF Z 



Z 

where {d,pk) — 1 and {a,p) — 1. 
Proof. Each head character a 



' ft ■ 






. 9 . 


= Z 


. 9" _ 



(51) 



This implies that Og^mp-j 
[ P5| . Hence Z 



(ft) 



" ft " 








= Z 




. 9 . 
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g,mp-j (ft) of ( PI) is rational by assumption. 
g,mp-j{h'^) for each d such that {d,pk) — 1 e.g. 

since 4)g{h'^) — 1. Furthermore, for p = 3,5,7, 



g = p+ is conjugate to g'^in M for all {a,p) = 1 so that g ~ xg°'x for some 
X E M. Clearly Gg — Gga — xGgX^^ so that xhx~^ G Gg and ft is a member of a 



{l,Gga) class of Gga. Hcncc Theorem 3.7 implies ( |5C| ) and (t)g{xhx ^) = 1. Using 
(^ we then find Z 



ft 




■ ft " 


. 3" . 


= Z 


. 9 _ 



since (f>ga (ft) = 1. 



□ 



Corollary 3.9. Consider g = p+ for p = 2,3,5,7 with o{h) ~ pk for k ~ 1 or k 

^ (r) is rational then rg(pfc,p) C F/i^g i.e. To{p'^k) C f ^.g- 



prime. If Z 



9 



Proof. For 7 



a b 
c d 



G Fq {pk,p) we have 6 = mod p and c = mod pk 



as described in Appendix A with ad — be = 1. Hence the RHS of (|35|) gives 
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rem B. 



(r) with (d,pk) — 1 and (a,p) = 1. The result then foUows from Theo- 
□ 



Note. We conjecture that a more general version of Theorem |3.8| holds, 
namely, if a GMF is rational then ( ^T]) holds with (c?, o{h)) = 1 and (a, o{g)) ~ 1 
so that the GMF is Fg (o(/i), o(.g)) invariant. 

Theorem 3.S further implies that the singularity structure is restricted to 
the Fricke classes of {g, h) inequivalent under the equivalence relation g^h^ ~ 
aAj^dB -y^fj^gj-g (d^pk) = {a,p) — 1 for {A. B) = 1. We call the equivalence classes 

for {d,pk) = 1 and (a,p) = 1 the class struc- 
We will see below that in all cases considered 



9 

under the relation g^h 



AuB 



9 



aAl^dB 



ture of the commuting pair g, h. 
the class structure together with Theorems 3.1, 3.2 and 3.5 uniquely determine 
the GMF and its genus zero property. 



4 The Genus Zero Property for Some Rational 
GMFs for g = p^ 

We now come to the main purpose of this paper which is to demonstrate the 
genus zero property for Generalised Moonshine Functions (GMFs) (34) for ratio- 
nal GMFs with g = p+ and o(h) — pk for k — 1 or k prime. We will show how 
the orbifold considerations discussed in the previous sections allow us to demon- 
strate that either the given Fricke singularity structure is inconsistent or else all 
singularities of the GMF can be identified under some genus zero fixing group 
for which the GMF is a hauptmodul. We conjecture that the method described 
can be used to demonstrate the genus zero property for general GMFs including 
irrational cases. We begin by discussing four examples of possible Fricke class 
structures for (g, h) where in the first two examples we demonstrate the genus 
zero property and in the second two examples, demonstrate that the given Fricke 
class structure is impossible. These examples of class structures are by no means 
exhaustive but are nevertheless of general applicability. 

Theorem 4.1. For g = p+ for p = 2, 3, 5, 7 with o(h) = pk for k = 1 or k prime 
with (j)g{h) — 1 then the following class structures give rise to a rational GMF 

" h 



with genus zero fixing group F^^g for Z 



(pr) as follows: 



9 

I g Fricke and all other classes Non-Fricke then Tii,g — p^k—. 

II g,h Fricke and all other classes Non-Fricke then Th,g =p^k +p'^k. 
Note. See Appendix A for the modular group notation. 

Proof. I. Here Z ^ (pr) has a unique pole at the cusp r — ioo [q — 

0) which is invariant under ro(p^fc), from Corollary ^.9| , and is therefore the 
hauptmodul for ro(p^fc) which must be of genus zero. This restricts p^k to the 
possible values 4, 8, 9, 12, 18, 25. 
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II. Here we have singular behaviour in both the h and g twisted sectors, 



corresponding to cusps at t = and r = ioo. From Theorem B.l (i) using 



= 1 it follows that V^fb''^ - Using Theorem |1] (iii) with u 
it follows that there exists a imique A such that g^h is Fricke of order pk where 
(j>gAfi{g) = 1. But g^h must be therefore conjugate to h i.e. A — mod p and 



9, V 



i{g) — 1. Therefore 



Z 



h 



{r)=q 



+ Cl(g 



l/pk\ 



(52) 



Define Wk'- t — 1/fcr which is conjugate to the Fricke involution Wp2i. for 
To{p^k) (see Appendix A). Wk normalizes rQ{pk,p) and interchanges the cusps 
at and ioo. 

r ^_ 



Let /(r) = Z 



h 
9 



(WkT) - Z 



(r)= Z 



(kr) - Z 



h 
9 



ir) = 



0((7^/P). /(r) is TQ^pkjp) invariant without poles on H /rQ{pk,p) and hence is 
constant and equal to zero. Hence Th,g — {TQ{pk,p),Wk) i.e. T^.^g — p^k + p'^k. 
This restricts p'^k to the possible values 4, 8, 9, 12, 18, 20, 25, 27. □ 

Theorem 4.2. For g = p+ for p ^ 2,3,5,7 and o{h) — pk for fc = 1 or k prime 
with (t>g{h) = 1 the following class structures are impossible for k > I. 

I g , gh and h Fricke where g is the only Fricke class of order p. 

II g, gh^ and h Fricke where h is the only Fricke class of order pk. 



Proof. I From Theorem 3.1 (i) V^^^'*^ ~ and from (iii) with u = gh 
Fricke and v = h'^ of order p it follows that u^v = {gh)^h^ is Fricke for some 
A with o(u^v) — p. Hence u^v — must be conjugate to g being the 

only Fricke class of order p i.e. A = — fc mod pk so that u^v — g~^ with 
(j)g-k (gh) = 1. However from ( p9| ) we also have 4>g-k [g^^] — LUp which implies that 
{(j)g-h{h))^ = 4'g-*'{{9h)^)(t>g-k{g~'') — ijjp. But Theorem |3.8| implies that since 
4>g{h) = 1 then (f)g-k{h) = 1 leading to a contradiction. Hence this conjugacy 
class structure is impossible. 



II Again V^f^'*^ ~ V''. As in Theorem 4.1 II we can firstly show that <^/i(5) = 1. 



Then applying Theorem 3.1 (iii) with u = gh'' Fricke and v = h it follows that 
u^v = {gh^)^h is Fricke for some A where o(m^w) = pk. Hence w^v = g^h^^^^ 
must be conjugate to h being the only Fricke class of order pk i.e. A ~ Q mod p 
and u^v — h with (l)h{gh^) — 1. But from ( |39| ) we have 4>h{h) = LOpk so that 
(j)ii{g) — {'Phih))^'' — i^p^- This contradicts our earlier statement that (l)h{g) = 1- 
Hence this class structure is also impossible. □ 



4.1 Case A: Rational GMFs for o{h) = p, k = 1 

The analysis when o{g) — o{h) = p with prime p has been previously reported in 
[ p!^ . The class structure of {g,h) is now determined by g, h and gh. The cusps 
of 11/Tq{p) are at {ioo,0, 1,2, ...,p— 1} corresponding to the sectors twisted by 
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g, h and g'h ^ gh [s ^ 1,2, ...,p~ 1) respectively with Vl{p) = T^oiP^p) §, Q. 
There are then four possible cases that may occur. 

Theorem 4.3. For g = p+ and h of order p with 4>g{h) — 1 each possible class 



h 
9 



(pr) as 



structure gives rise to a genus zero fixing group T^.g for rational Z 
follows: 

I. A g Fricke. T^^g =p^^. 

II. A g, h Fricke. th^g =p^ + . 

III. A g, gh Fricke. Th,g = p~ . 

IV. A g, h and gh Fricke. T^.g — p\p— for p — 2,3 or 5| |5+ for p = 5. 

Note. Here every element of {g, h) is Non-Fricke unless otherwise stated. 
Table 3 below shows all possible examples and the GMFs actually observed. See 
Appendix A for the modular group notation. 



Proof. I. A This follows from Theorem 4.1 1. This restricts the possible values 
for ptop 



2, 3 and 5. p 



5 does not arise in practice - see Appendix B [g2| , |g3| . 

II. A This follows from Theorem 4.1 II. This restricts the possible values for 
p to p = 2, 3, 5, 7. p 7 does not arise in practice - see Appendix B p^,]2^. 

III. A Here we have singular behaviour in the g and gh twisted sectors. Con- 
sider the SL{2, Z) transformation 7p = STS = 10 



-1 1 

T{p) = T{p,p) and is of order p in T{p). We show that the cusps {ioo, 1, 2, 
are identified under 7^. From ( |35| ) we have 



which normalises 
1} 



Z 



h 
9 



{lpT) = <l>g,{h)q-^^P + + O{q'/n- 



(53) 



First we prove that (f)gh{h) = 1 



According to Theorem 3.2 (i) vj^f.^^"^ 



From Theorem 3.2 (ii) with u = g Fricke and v — h it follows that (j)gh{g) 7^ 1 
so that 4>gh{g) — for some s 7^ mod p. However with u — g'^h Fricke for 
a 7^ mod p and v = h it also follows that (pghig^'h) ^ I. (If a = 1 mod p then 
from ( |3g| ) ipgh (gh) = tUp whereas if a 7^ 1 mod p then we can choose A such that 
aA = 1 mod p and B = (a — 1)A mod p, B mod p, so that {g°- h)^ [h]^ = gh 

LO^ then (j)gh{g°-h) 



and then apply Theorem 3.2 (ii)). Let (f)gh{h) 
r 7^ mod p then since s 7^ mod p we can always find a such that as 
which is a contradiction. Hence (t>gh{h) = 1. 



,as+r 



7^ 1. If 

-r mod p 



From (H) it follows that /(r) 



(7pT) - Z 



h 
9 



(t) = 0(gi/P) is 



T{p) invariant and is non-singular at q = 0. One can easily check that the other 
cusps of / are similarly non-singular so that / is holomorphic on H /T{p) and is 
therefore zero. Hence Th,g = (ro(p),7p) = ^q{^,p) invariant i.e. F^^g = ^o{p)- 
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This is possible for p = 2,3, 5, 7. Note that for p = 7 this is the only rational 
class. 

IV. A In this case all twisted sectors are Fricke and all cusps are singular. For 
p = 2, 3 and 5 there is exactly one rational class of order p in Gp+ not already 
identified in cases LA to III. A above. We consider each p in turn. 

Consider p — 2. From Theorem |3.l| (i) V^^^''^ ~ and from (iii) with u — h 
and V = g there exists a unique A mod 2 such that h^g is Fricke and where 
= 1 ^ = and (t>gh{h) = —1. From (f)gh{gh) — ~l and so 
4>ghig) — 1- Similarly, from Theorem |3.l| (iii) with u ~ g and v = h there exists 
a unique A mod 2 such that g^h is Fricke and (f>gAi-^{g) — 1 i.e. A = 1 and 
(l>h{9) = -I- From 
phases in Table 2. 



|39|) (f>h{h) = — 1 and so (f)h{gh) = — 1. We summarise these 



Phase 


9 


h 


gh 


(jig 


-1 


1 


-1 


(l)gh 


1 


-1 


-1 


4>h 


-1 


-1 


1 



Table 2. 
Using (|3f 



) we then find that Z 



h 
9 



(t) is also invariant under ST of order 3 



which normalises r(2) and so is the hauptmodul for (rQ(2), ST) of level two and 
index two in SL{2,Z) i.e. Th.g = 2|2. 



For p 

h 

9-' 



3,5 we can show that (j)hi9) — 1- 



Z 

that 4>hig) 
Z 



From Theorem p. 8 

9-' 



9 
h 



which implies after an S transformation that Z 
= i<l^h{9))~^- But (j)h{g) e {i^p) implies (f>k{g) = 1 for p > 

+ 0(g^/^). For p = 3 we can consider Theorem 3.1 (iii) 



h 

9 

9 
h 

Hence 



(r) = q-l/P 



with u — g^h and v — g^. Then (jjgiA+^f^A^g'^h) = 1 for a unique A. However 
(j)g2{g'^h) — tj| and (^^^{g'^h) = aj| and hence A = 1 so that (j)gh{g'^h) = 1 and 
hence (t>gh{9) = <l>gh{h) = w| since (j)gh{gh) — ti>3 from (p^). Hence the phase 
residues of all the singular cusps are now known. For p = 5 we observe that h 
is an element of the hA class of Gg = HN being the only remaining available 
rational class not identified in cases LA to III. A above. But 4>h{9) = 1 implies 
that g is an element of the 5 A class of the isomorphic group Gh = HN. Hence 

which leads to (j)gh(g) = (f>gh{h) — lu^. A similar argument 

can also be used for p = 3. Thus we find (/>g/i(g) — (pghih) — ujp^^^^^^ for p = 3,5. 

For p = 3, 72 = T~^ST is of order 2 and interchanges the cusps {oo,0} ^ 
{2, 1} whereas 5* interchanges {oo, 1} <-» {0, 2}. We then find using the given phase 
residues that Vh.g — (rQ(3), 72, S) which is of level 3 and index 3 in SL{2, Z) i.e. 
^h,g = 3|3. 

For p = 5, let 73 — TST^ which is of order 3 in Lq(5) and cyclically permutes 
the cusps {00, 0} {1, 4} {2, 3} whereas S interchanges the cusps {00, 1, 2} ^ 
{0,4,3}. Hence Th^g ^ (r^(5), S, 73) which is of level 5 and index 5 in SL{2,Z) 



9 
h 



h 
9 
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i.e. r;,,<, = 5||5+. □ 

We summarise cases I~IV.A in Table 3 where all possible examples are indi- 
cated. Examples that do not arise in explicit calculations are marked with an 
asterix and all Fricke classes are in boldface. 



Case 


h 


gh 




Examples 


LA 


P- 


P- 


Mp') 


p = 2,3,5* 


II.A 


P+ 


P- 




p== 2,3,5,7* 


III.A 


P- 


P+ 


ro(p)- 


P-2, 3,5,7 


IV.A 


P+ 


P+ 


p\p— or p\\p+ 


2|2-,3|3-,5||5+ 



Table 3. * indicates that no such GMF occurs. Fricke classes are in boldface 



4.2 Case B: Rational GMFs for o(/i) = k = p 

The class str ucture of (g, h) is now described by h, gh and gh^ where from 
Theorem 7T of Appendix A the cusps of H/rQ(p^,p) are at {ioo, 0, s, |} for 
s — 1,2, ...,p — 1 corresponding to the sectors twisted by g, h, g^h ^ gh and 
g'^hP ~ ghP for s — 1,2,. ..,p— 1 respectively. Furthermore no such h G Cg exists 
for p — 7 whereas for p = 5 only two algebraically conjugate classes of order 25 
exist with irrational characters and irrational GMFs. Hence we consider p — 2,3 
only. There are then eight possible cases that may occur as follows. 

Theorem 4.4. For p — 2,3 with g = p+ and h of order p^ with <pg{h) — 1 some 
possible class structures gives rise to a genus zero fixing group Th,g for rational 

^ (pr) while others are impossible as follows: 

I. B g Fricke. Th,g —p^—. 

II. B g, h Fricke. T^^g =p^+. 

III. B g, ghP Fricke. Th,g —p^~ or p^\p. 

IV. B g, gh and gh^ Fricke. Impossible. 

V. B g, h and gh Fricke. Impossible. 
VLB g, h and gh^ Fricke. Impossible. 

VII. B g and gh Fricke. T^ g = 8^+ for p = 2. Impossible for p = 3. 

VIII. B g, h, gh and ghP Fricke. f,,,g = 4|2+ or 4|2 + 2' forp = 2, rh,a = 9|3+ 
or 9| |3+ for p = 3. 

Note. Every element of {g, h) is Non-Fricke unless otherwise stated. Table 5 
below shows all possible examples and the GMFs actually observed. See Appendix 
A for the modular group notation. 
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Proof. I.B This follows from Theorem 4.1 I. 

II. B This follows from Theorem |^ II. 

III. B We have singular behaviour in the g and gh^ twisted sectors. Let 



0gftp(/i) = ujI for some 6 using Consider 7^"^ = ST^ST^ = 
which normalises and is of order p in r(p^,p). We have from ( p5[ ) that 
h 



1 h 

—p 1 — pb 



(54) 



Then (j)ghp{h^- 
follows that Z 



h 

9 



t>ah^{9hP)rUghv{h) = 1 due to (|9|). From (g) it 



(7pr) - Z 



(t) = 0{q^/P) is holomorphic on H /T{p'^,p) 



and is therefore zero. Thus F/i g = (rQ(p^,p), 7^''-'). If = mod p then F/j g — 
Fq(p,p) and F/i ^ = Fo(p^) invariant of genus zero. If 6 ^ mod p then F/j g has 
index p in Fq(p, 1) — Fo(p) and we find Th,g = p'^\p— of genus zero. 

IV. B From ( p9|) (j)gh{gh) = a;p2 so that (j)gh{hP) — tOp- From Theorem 3^ (ii) 
with u = g Fricke and v — h it follows that (j)gh{g) 7^ 1 so that 4>gh{g) ~ for 
some s ^ mod p since g is order p. Taking u — g°'hP Fricke for any a ^ mod p 
and w = it also follows that (j)gh{g°'h'P) ^ 1 (similarly to Theorem III. A). 
Choose a such that as = — 1 mod p so that (j)gh{g"'hP) — uj'^''^^ = 1 which is a 
contradiction. Hence this class structure is impossible. 

V. B From Theorem 4.2 I this class structure is impossible. 

VI. B From Theorem 4.2 II this class structure is impossible. 

VII. B From ( ^9[ ) (j)gh{gh) — U0p2. From Theorem |3.2| (ii) with u = g Fricke and 
V — h it follows that (j)gh{g) 7^ 1- For p — 2 these conditions imply 4>gh,{g) = — 1 



,.(2) 



1 

-1 



and 4}gh{h) = lu^ . Consider 
F[](4, 2) and is of order 2. We then find that Z 



-1 
2 

" h 

9 



which normalizes 



q 

zero 



1/2^ 



-0(gi/2), Hence we find that Fft^g = (F0(4, 2), 7^ ^) i.e. th^g = 8^+ of genus 



9h' 
gh 



(2r) 



For p — 3 we will show that the orbifolding procedure is not consistent. Since 



h'^ = 3— then frt 



we have Z 



1 



ir) = 



»7(3r) 



12 



12 i.e. p%{h^) - 



1 and x%{h^) = 12 from (|3|). Since gh ^ 9- then V, 
stant term of Tr-^ A{^ghM°~^) vanishes for all A 

iELoX°,3((.gM^r= 5[12 + xU9h) + xU{9h)-'))] 
xU{9h)-') = -12. 



orb 



^1*^'^ ~ and the con- 
Taking j4 = 3 we have 

0. Hence xl^igh) + 



Tr„(,.>((?^«-i)is 24. 



n 

Xl{h) = 3 from (^ 
From Theorem 



and the constant term of 
9^A=o^i3=iA,,Bv- , - 24. But pl{h) = Iwith 
From this it follows that x°3(/i) + Xhiih"^) = -3. 



Hence | ELo Eb=i X°b (^^) 



LA we have Z 



(3r) 



S transformation we have Z 



9 



(r/3) 



27 



))(9-r 

'?(-^) 
,,(t/9) 



' 3 and after an 
3 + 0(qi/9) i.e. 
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xt,^{9) = X°3(ff^) = 3. Using this information we find an inconsistency in the orb- 
ifolding with respect to {g, h) where in particular, x°3 {'P{g,h) ) = I]„e(s,^) (") = 
— 1 which must be a non- negative quantity being the dimension of the twisted 
vacuum space invariant under {g, h). Hence this class structure is impossible for 
p = 3. 



VIII. B We firstly consider p — 2. From Theorem 3J (i) it follows that 



V^^^^^ — and from (ii) with u — gh Fricke and v — g li follows that there 
exists a unique A such that u^v = g^'^^h^ — 2+ with (f>gA+if^A{gh) — 1. This 
implies that g^'^^h^ is conjugate to either g or gh^ i.e. ^ = or 2 mod 4. If 
A = mod 4 then (pglgh) = 1 which contradicts the known values — 1 

and (pglg) = —1. Hence A = 2 mod 4 and (t>g}i2[gh) = 1, (f)gh2{gh'^) = —1 so that 

Similarly from Theorem 3.1 (iii) with u =^ gh^ Fricke and v — h^^ it follows 
that there exists a unique A such that w^v = g^h^^~^ = 4+ with (j)gAf^2A~i {gh?) = 
1. This implies that g^h^"^"^ must be conjugate to either h or gh i.e. A = or 
1 mod 2. Suppose A — Q mod 2. Then cfihigh"^) = 1 and so (t)h{h) — i implies 
that 4>h{g) = —1- Furthermore, from Theorem 3.1 (iii) we have (j)gh{gh'^) ^ 1 
which means (f>gh{h) ^ —i since 4>gh{gh) = i. Hence (f)gh{h) = i (since gh — 4+) 
and hence (t>gh{g) = 1- If on the other hand yl = 1 mod 2 then (j)gh{gh'^) — 1 and 
so (t>gh{gh) = i implies that (f>gh{h) = —i and 4>gh{g) = —1- Furthermore, from 
Theorem (iii) we have (j)high^) = — 1 (since gh^ is of order 2) which means 
4>h{g) = 1 since (phih) = i. Hence all residues of singular cusps are determined for 
p — 2 for both values of A. In particular note that (t>h{g) = —1 for A = mod 2 
and iphig) — 1 for A = 1 mod 2. 

Now we can apply an analysis similar to III.B and using the above information 
to obtain (rQ(4, 2), 72"^"*) invariance with b = —I, p = 2 in 7p''' of III.B. We then 

find that W2 '■ t ^ — l/2r either fixes or negates Z ^ (r) depending on the 

sign oi^hig)- Hence F;,,,, = (r0(4, 2), 7^'\ ^^2) or (r[](4, 2), 7(-i\ of genus 
zero i.e. F^.g = 4|2+ or 4|2 + 2' where 2' indicates that the GMF is negated by 

Consider p — 3. As in IV. A we find that the rationality of the GMF implies 
that iphig) = 1- Next V^f^,''^ ~ and from Theorem 3.1 (ii) with u — gh Fricke 
and V = g it follows that there exists a unique A such that u^v = g^^^h^ is 
Fricke with (j)gA+ihA{gh) = 1. This implies that g'^^^h^ is conjugate to either g 
or gh^ i.e. ^ = mod 3. We let b = -A/3. If 6 = mod 3 then (jjgigh) = 1 which 
contradicts the known values (f>g{h) — 1 and (t>g{g) = UJ3. If 6 = 1 mod 3 then 
4>gh^{gh) — 1 and 4>gh'^{gh^) — implies that 4>gh'^{g) — 4>gh^{h^^) = 0^3 so that 
(l>gh^{9) = (l>gh^{h) = W3. If 6 = -1 mod 3 then (f)gh3{gh) = 1 and ipgh^igh^) = uj^ 
implies that (pgh^ig) ~ tjJs and (pgh^ih) = lo^^- Thus we find (pgh^ig) = L03 and 
4>gh^{lT') — ^3 for b — ±1 mod 3. 

We now show that (/)g/i (5) = u 3 and (jig h{h) = Wg"^''. Firstly we have (/)g/i3 (,g^''/i) 
1 and hence as in IV. A we find that the rationality of the GMF implies that 
(j}g-bh{gh^) — 1- Conjugating as in (40) we then find that 4>ghigh~^'') — 1. 
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However (j>gh{gh) = loq implies that <pghig) = w| and (j)gh{h) = Wg given that 
6 = ±1 mod 3. Hence all residues of singular cusps are now determined as follows: 



Phase 


9 


h 




UJ3 


1 


4>h 


1 






, ,b 
W3 


UJg 


4>gh3 


C1J3 


^3 



Table 4. 



Similarly to HI.B and using the Table 4 we then obtain (rQ(9,3),73 j^s) 
invariance with b = ±1 and p = 3 for 7p^'' of HI.B. This corresponds to f = 9|3+ 
for 6 = — 1 mod 3 and Th.g = 9||3+ for 6=1 mod 3 both of genus zero. □ 

We summarise cases I-VHI.B in Table 5 where all possible examples are indi- 
cateth 



Case 


h 


gh 


ghP 




Examples 


LB 




p'- 


p- 


p^- 


p = 2 


H.B 






p- 


p-^ + 


p = 2,3 


HI.B 




P'- 


p+ 


P^-, P^\P- 


p = 2,3 


IV.B 






p+ 


Impossible 




V.B 






p- 


Impossible 




VLB 


p^ + 


P'~ 


p+ 


Impossible 




VII.B 




p^+ 


p~ 


H+ 


p = 2 


VIII.B 


P^ + 


p^+ 


p+ 


4|2+, 4|2 + 2', 9|3+,9||3+ 


p = 2,3 



Table 5. Fricke classes are in boldface. 



4.3 Case C: Rational GMFs for o{h) = pk, k prime, k p 

For o{h) = pk, k prime, k ^ p, the class structure of {g, h) is described by 5, /i, 
gh, ghP, h'^ and gh''. From Theorem of Appendix A the cusps of H/rQ(pfc,p) 
are at {ioo, 0, s, ^, ^, for s — 1, 2, 1 corresponding to the sectors twisted 

by g, h, g'^h ~ gh, gh^, h'' and g^h'^ ~ gh'^ for s = 1,2,. ..,p — 1 respectively, h'^ 
and gh'^ are determined by the power map formula for h and gh. There are then 
thirteen possible cases that may occur as follows. 
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Case 


h 


gh 


ghP 






I.C 


pk- 


pk- 


pk + p 


P- 


P- 


II.C 


pk + pk 


pk- 


pk + p 


P- 


P- 


III.C 


pk + p 


pk— 


pk + p 


P+ 


P- 


IV. c 


pk + p 


pk + k 


pk+ 


P- 


P- 


v.c 


pk+ 


pk + k 


pk+ 


P+ 


P- 


VI.C 


pk~ 


pk + p 


pk + p 


P- 


P+ 


VII.C 


pk + pk 


pk + p 


pk + p 


P- 


P+ 


VIII.C 


pk + p 


pk + p 


pk + p 


P+ 


P+ 


IX. c 


pk— 


pk + pk 


pk + p 


P- 


P- 


x.c 


pk + pk 


pk + pk 


pk + p 


P- 


P- 


XI. c 


pk + p 


pk + pk 


pk + p 


P+ 


P- 


XII.C 


pk + k 


pk+ 


pk+ 


P- 


P+ 


XIII.C 


pk+ 


pk+ 


pk+ 


P+ 


P+ 



Table 6. Possible classes with Fricke classes shown in boldface 

Theorem 4.5. With g = p+ and h of order pk for k prime k ^ p with 4'g{h') = 
1 some class structures give rise to a genus zero fixing group Th,g for rational 

^ (pr) while others are impossible as follows: 

I. C g Fricke. rh,g = p^k- . 

II. C g, h Fricke. th,g =p'^k+p'^k. 

III. C h'' Fricke. Vh,g=p^k + p^. 

IV. C ghP Fricke. fh,g =p^k + k for p = 2/6,5,7 or Ak + k' for p = 2. 

V. C g, h, ghP and Fricke. fh,g =p'^k+. 

VI. C g and gh'' Fricke. Th,g = pk—. 

VII. C g, h and gh'^ Fricke. Impossible. 

VIII. C g, h'^ and gh'^ Fricke. Th^g = pk\p— forp = 2, 3. Impossible forp = 5, 7. 

IX. C g and gh Fricke. rh,g = 4:k^ + 4fc when p = 2. Impossible for p = 3, 5, 7. 

X. C g, h and gh Fricke. Impossible. 

XI. C g, gh and h'' Fricke. Th^g = r[9k~a] whenp = 3. Impossible for p = 2,5,7. 

XII. C g, gh, gh^ and gh^ Fricke. Th,g = pk + k. 

XIII. C All Fricke. fh,g = 2k\2 + k,2k\2 + k'forp = 2, th,g = pk\p+ for p = 2,2, 
and Th,g = pk\\p+ for p = 3,5. 
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Note. Table 12 below shows all possible examples and the GMFs actually 
observed. Every element of {g, h) is Non-Fricke unless otherwise stated. See 
Appendix A for the modular group notation. 



Proof. I.C This follows from Theorem 4.1 I. 

II. C This follows from Theorem |]| II. 

III. C Since h'^ is Fricke and (j)g{h^) = {(i)g{h)Y = 1 then from Theorem 3.1 



(i) it follows that v'^Jl^ ^ ~ V^. Then from (iii) with u = g Fricke and v = h'' it 
follows that there exists a unique A such that g^h^ is Fricke and <j)g-^h''{9) = 1- 
But g^h'^ must be conjugate to g or h'' i.e. A = mod p and (ph^'id) = 1- 
Furthermore since = land (j)f^k{hP) G {up) it follows that (j)f^k{hP) = 1. 

p b 
k pd 

jugate to Wp2, the Atkin-Lehner involution for ro(p^fc) from Appendix A. Then 



Consider the SL{2, Z) transformation Wp2 



, p^d — bk = 1, con- 



from mil Z 



{Wp2T)^Z 



(r) = {^t,.{h-^'^g^)-l)q-^/P + Q + 0{q^'n - 



0((7^/^) is TQ{pk,p) invariant without poles on H /TQ{pk,p) and hence is constant 
and equal to zero. Therefore Th,g — {^^{pk.p), Wp2) is a genus zero group i.e. 
fh,g=p^k+p^. 

IV. C We have singular behaviour in the gh^ and g twisted sectors cor- 
responding to the cusps T = l/p and t = ioo. Consider the transformation 



-k 
pk 



pb 
-kd 



Wk = 
Wk is conjugate to Wu 



-1 
P 



p^k 



of Appendix A. Then from pS) Z 



pb 

-kd 
b 

-kd 
h 
9 



, det(VFfc) = fc; kd-bp^ = 1. 
the Atkin-Lchner involution for ro(p^fc) 



4>gh.{h^'')q-^/P + 0{q^/P). 

li p = 2 then o{h^) = 2 and hence 



Theorem 4.4 VIII. B we conclude that Z 



2{h^) = ±1. Then analogously to 



{WkT) = ±Z 



h 



(r) and F 



h,g 



4fc + fc or 4fc + k' both of genus zero where k' indicates that the GMF is negated 
by Wk- For p > 2 we will now show that (j>ghp{h'') — 1. From Theorem B.8 we 



have Z 



h 
9 



,1+aA; 



(r) for (1 + ak,pk) — 1. But for all a we have 



(1 + ak,k) = 1 and either (1 + fc,p) = 1 or (1 + 2k, p) = 1 and 1 + 2k < pk 
i.e. we can choose a = 1 or 2. Applying Wk we then find that 4)ghp{h^'^) — 
(l}ghp{h}''^^^+''^^) i.e. {<t)ghp{h^^)T'^ = 1. However from Theorem U (t)ghp{h^) e 



(wp) and {ad,p) — 1 and so 4>ghp{h^) ~ 1- Hence Z 



h 
9 



{WkT) 



h 

9 



0{q^^P) is without poles on H /TQ{pk,p) and hence is constant and equal to zero. 
So Th^g = {rQ{pk,p), Wk) or Th^g — p^k + fc of genus zero for p — 3,5, 7. 

V.C From Theorem U (i) V^f^''^ - "^^ 

since h is Fricke. From (iii) with 
u — Fricke v — gh^ {u, v) — {g, h) and from (iii) it follows that there exists 
a unique A such that gh^'^+P is Fricke with (f>gf^Ak+p{h'^) = 1. But then gh^^^P 
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must be conjugate to gh^. Therefore A = p with (t>ghp{h^) = 1- As in III.C above 
and Theorem 4.3 II. A we can also show that (j)y^k{h'P) — 1 and (phig) = 1- Using 
the standard argument we find that Th g = p'^k+ of genus zero. 

VI. C Consider the SL{2, Z) transformation jp = ST^'S which is of order p 
in and normahses T{pk,p). From (p5|) we have 



Z 



h 
9 



First we wiU prove that (f>„}^h{h) = 1. From Theorem 



1 (i) v^f' 



(55) 



With u — g Fricke and v = h'^ from (ii) it follows that 4>gh''{9) — ¥^ ^- With 
u = g°'h^ Fricke for a 7^ mod p and v = hf' it also follows that 4'gh''{9"'h^) 7^ 1 
(Here as in Theorem |4.3| III. A we can choos e A and B such that u^v^ = gh^ 
for any a 7^ mod p and apply Theorem |3.2| (ii)). Let <pgi^k{h) — 10^ then 
7^ 1. If r 7^ mod p then since s ^ mod p we can always 



(l^gh" {.9°'h) = UJ. 



. .as+kr 



P 

find a such that as = —kr mod p which is a contradiction. Hence 4>gfik{h) = 1. 
Now from (|55| ) it follows that rh,g — {T'^{pk,p),jp) = rg(fc,p) of genus zero and 
Th,g — ro(pfc) where all cusps t = ioo, j, (s = l,2,...,p — 1) are identified under 

VII. C This class struct ure i s impossible as shown in Theorem 12 II. 

VIII. C From Theorem 4.3 IV. A we must have p = 2, 3 or 5. Let us first 
consider p = 2. All Fric ke classes are of order 2 and since k ^ p — 2 and using 
Table 2 of Theorem O IV.A we obtain: 



Phase 


9 


h 


(l)g 


-1 


1 


4>gh'' 


1 


-1 




-1 


-1 



Table 7. 

Using Table 7 and 



js^) it is easy to check that Th,g — (rg(2fc, 2),^'^^) of genus 



zero with 72 



a 
ck 



a = mod 2, 6, c, d 7^ mod 2; det 72'^'' = 1. 73 



IS 



of order 3 in and normalises ro(2A;, 2). Then fh.g ~ 2fc|2— . 

Let us now examine the p = 3 case. Since g, and gh'^ are all Fricke and of 
order 3 from Theorem |4 . 3| I V . A we have (jig^k (g) — <pgi^k {h^) — a;| and (j)^k (g) — 1. 
Then using (f>u{h'') = (0„(/i))'^ for u — gh^.h^ we obtain the following residues 
for the singular cusps 



Phase 


9 




h 


(jig 


^3 


1 


1 


4>ghf' 


ul 


w| 


LO^ when k = 1 mod 3 
IJJ3 when k = —\ mod 3 




1 


^3 


when k = 1 mod 3 
aj| when fc = — 1 mod 3 



Table 



Using Table 8 and ( |35[ ) it is easy to check that Z 
0{q^/^) for i 



1, 2 with 7^5"^ 



h 
9 

when k 



±1 mod 3 and 
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with 73jt = ST ''S. 73*^'' is of order 2 in and normalises rQ(3fc,3). Following the 
standard argument we then find that T^^g = (rQ(3fc, 3), 73^'', 732') of genus zero 
where the cusps {ioo, ^, ^, |} are identified. Then F/j^g = 3fc|3— for k = 2,5 are 
the only possible such modular groups for k prime. 

With p = 5 since g, and gh^ are all Fricke and of order 5 then from Theorem 

4.3 IV. A and in a similar way to that shown above we obtain the following residues 
for the singular cusps 



Phase 


9 




h 


(l)g 


CJ5 


1 


1 


<t>gh'' 


^5 


^5 


Lij^'^ when fc = ±1 mod 5 
ui^ when k — ±2 mod 5 




1 


^5 


uj^^ when k = ±1 mod 5 
Wg^^ when k = ±2 mod 5 



Table 9. 

Using Table 9 and (^5|) we can show that Z 
for i = 1, 2 with 7^? = T^"^' 



h 
9 



t (fe) 



"Ib^k when k ~ ±1 mod 5, 7gj^ = T 75.fc when 
fc = ±2 mod 5 and 7^3^ T^'^%k ^^^^ k ^ ±1 mod 5, 7^3^ = T^^%1 when 



fc = ±2 mod 5 where 75^^- = ST ^S. 75^^ is of order 3 in and normahses FQ(5fc, 5). 
Following the standard argument we then find that T^^g — (FQ(5fc, 5), 75^^^ 752'') 
of genus zero where the cusps {ioo, f j f > f : f } are identified. However no such 
genus zero modular group exists for fc prime. 

IX. C In this case h is apk— element which is possible only if ft, = 6— or 10—. 
So there are four possibilities: (1) p = 3, fc = 2 (2) p = 5, fc = 2 (3) p = 2, fc = 3 
and (4) p = 2, fc = 5. Following detailed arguments similar to Theorem 4.4 VII. B 
we find that (1) and (2) lead to the contradictory property XhpiV^gji)) < 

Consider p = 2 with fc = 3,5. Since h is non- Fricke then from Theorem 
(ii) with u = g Fricke and v = h we have (f'^fiig) 7^ 1 and hence 4'^fi{g) = — 1 

Consider 7^^ =( _\ ^fc^)(o I 
F!^(2fc,2). Then 



which normalises and is of order 2 in 



However since (t>^gi^{gh) = uj2k from and 4>^gi^{g) ~ —1 so we have 4'^gh{{gh)^g ^) 



4fcJ 



4fc 



Thus 



1. Hence Vh,g = (Fo(2fc, 2), 72*^^) of genus zero or fh,g — t:-2 „ h 

Th,g = 12^ + 12 in case (3) and Th,g = 20^ + 20 in case (4) both of genus zero. 

X. C From Theorem |4.2| I this class structure is impossible. 

XI. C Since = p+ and gh^ = p— we find from Theorem 4.3 II. A that (1) 



and (l)ghih) ^uf^. From 



p = 2 (2) p = 3 or (3) p = 5. Let (t)gh{g) 

(pgh jgh) — ujpk and so afc + /? = 1 mod pfc. Since V^f,!,''^ ~ V'^ using Theorem 
|3.2| with u — g Fricke and v — h wc have 4>gh{9) ^ 1 so that a ^ mod p. 
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Furthermore, with u ~ Fricke and v = gh^~'' we find (t)gh{h^) ^ 1 and therefore 
/3 ^ mod p. 

(1) p = 2. Since a 7^ mod 2 we have a = 1 and j3 — 1 — k = Q mod 2 which 
is a contradiction to /5 7^ mod 2 since k ^ p = 2. Therefore this class structure 
is impossible. 

(2) p = 3. Here h is of type 3fc + 3 so that fc = 2 or 7 only. Since h'^ = 3+ we 
find from 4.3 II. A that 4>h>'[g) = 1- From ( p9| ) (j)fik{h'') — 1^3 so that (j)f^k{h) — tol 
for k = 2 and (/i) = for k — 7. 

For k — 2 the constraints a,/? ^ mod 3 imply that 4>gh{g) — 4>gh{h) ~ 
uJq^ so that 4>gh{g~^h~'^) — 1. Consider 74(t) = TST'^{2t). 74 which normalises 
and is of order 4 in rg(6, 3) and acts on the cusps {zoo, 1, 2, 3/2} corresponding to 
the {g, gh, g^h, h^} Fricke-twisted sectors in the following way: zoo 



100. 



Then Z 



h 
9 



and Z 



(74T) 
gh^ ' 



Z 



9 



) ^ 2 ^ 3/2^ 
(2t) - l.g-l/3 + + 0{q^l^) 



gh 

1.9"^/^ + + 0(9^/^) so that in the usual 
of genus zero so that Th,g — r[18"'a] 



way we find that Th,g = (rQ(6,3),74 

{Toils), T^/^WisT^/^) whose hauptmodul has q expansion denoted by I8z 
18~a 



For 



k = 7 the constraints a,/? 7^ mod 3 imply that (j)gh{g) 

7 ^ 



C1J21 so that <pgh{gh 



= 1. 



Consider 71 = --i= 



-7 



-13 
14 



and 
and 



14 
-7 



-13 
7 



both of which normalise and are of order 2 in rQ(21, 3). 



71, 72 act on the cusps {zoo, 1, 2, 3/7} corresponding to the {/i, gh, g^h, h^} Fricke- 
twisted sectors in the following way: 71: {zoo,2}< — > {1, 3/7} and 72: {zoo, 1} < — > 
{2,3/7}. Then in the usual way we find that Tfi,g = (rg(21, 3), 71, 72) of genus 
zero so that Th,g = r[63"'a] the modular group whose hauptmodul has q expansion 
denoted by 63~a 

(3) p = 5. Similarly to Theorem 4.4 VII. B we find the contradictory property 
X°5 {Vi^g^h) ) < so that this class structure is impossible. 



XII. C From Theorem 3.2 (i) V, 



{g.h) 



V . Then from (ii) with u = g Fricke 



and w = /i it follows that (pghig) = t^Jp for s 7^ mod p. Taking u = g°-h Fricke for 
a 7^ mod p and v = hit also follows that (l)gh{g°'h^) ^ 1. Let (f)gh{h^) = u>p then 
if r 7^ mod p we can find a such that as = — r mod p so that (pgh {g°'h^) — 1 which 
is impossible. Hence c/yghih'^) = 1. Similarly, from Theorem (ii) with u = g 
Fricke and w = ft. it follows that 4>ghp{g) 7^ 1 and taking u — g"-h^ Fricke for 
a 7^ mod p and v ^ h \i follows that 4)ghp{g°'h^) 7^ 1. As above we then find 
that (jighfih^) — 1- Finally, as in VI. C, we can also prove that (j)gi^k{h) = 1. 

Together these results can be used to show that Th,g = (TQ{pk,p),"fp,Wk) 

of genus zero where 7p = ST'^S as defined in VI. C and Wk = ( 



pb 
kd 



det{Wk) = fc; akd — bcp = 1. Therefore we find that 
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r/,,g = pk + k. 

XIII. C In this case all twisted sectors are Fricke and all cusps are singular. 
This case is closely related to case VIII. C. Since g,h'^,gh'' — p+ from Theorem 
4.3 IV.A we must have p = 2, 3 or 5. Furthermore, for each such p there is exactly 
one rational class of order pk in Gp+ not already identified in cases I.C to XII. C 
above. We consider each p in turn. 

When p = 2 by repeated use of Theorem 3.1 (iii) 
following residues which augment Table 7 above: 



and 



we obtain the 



Phase. 


9 


h 






-1 


1 


1 


4>h 


±1 




-1 


(jigh 


Tl 




±1 


4>gh^ 


-1 


T{-u^2kr-'^''' 


Tl 




-1 


-1 


-1 


4'gh'' 


1 


-1 


-1 



Table 10. Phases for p = 2. 

Using Table 10 and following the usual argument we can then show that Th.g = 
2fc|2 + fc or 2fe|2 + k' where the GMF is either fixed (upper signs in Table 10) or 
negated (lower signs in Table 10) by the involution Wk ■ t — l/fcr. 

When p = 3,5 the phase residues are presented in Tabic 11 which augment 
Tables 8 and 9 above. 



Phase 


9 




h 


Parameters 


(pg 


UJp 


1 


1 




4>h 


1 




^pk 












A = — fc mod p, p ~ 3 


(i)gh 








A = — 2fc mod 5, k — ±1 mod 5, p — 5 


X — 2k mod 5, k — ±2 mod 5, p = 5 


4>ghP 




1 




ak + Pp — 1 




1 


UJp 




"fk = I mod p 


't'ghi' 


, ,(P+l)/2 
UJp 


, ,(P+l)/2 
UJp 




Sk = 2ii mod p 



Table 11. Phases for p = 3, 5. 

These phase residues are determined by the use of Theorem p.l| for p = 3, 5. 
For example for p = 5 and fc = 2 mod 5 we have 4>gh'^+'i-{gh^) — for some 
a since o{gh^) = 5. We will show that a — mod 5. Let G = hf' and 
H = g'^h^l^ where afc + 5/3 = 1 so that g ^ and = C^H^^. Then we 
have 0g^fc+i (5/1'^) — (f>fjk(^Qaij5i3^k+i{H''G) = '/'rja+i fffc+s/j (GH^) . Furthermore 
(j)G{H) = 1 using ipht'ig) = 1 from Theorem O IV.A so that H e Gq- But 



H belongs to the same unique rational class in Gg 



G5+ as h does in Gg and 



hence Z 



H 
G 



This implies that (f)gi^k+i{gh'') = (f)gc,+ii^k+5f-i{gh^) . 



But fc = 2 mod 5 implies that a = 3 mod 5 and fc + 5/3 = (1 + 3fc) mod 5fc. Hence 
gj" — (l)g-i}ii+3k{gh'') = (f)gfik+i{g^^h'''') where 6(1 + 3fc) = (fc + 1) mod 5fc using 
(pl|). But b = —1 mod 5 so that ~ 0g^fc+i (g^^/i^'') = ^eT"- Hence a — mod 5 
so that 4>ghk+i{gh^) — 1. By use of ( |5l| ) and ( p9| ) wc obtain (pghig) — uj^^ and 
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i'ghih) = . We can similarly determine the other entries in Table 11. 

For p = 3 we may follow case VIII. C and use Table 11 to find in the usual 
way that Th,g = (rQ(3A:, 3), 73^^^ 732^ Wfc) of genus zero i.e. f^^g = 3A:|3+ for 
A; = 1 mod 3 which exists for /c = 7, 13 and Th,g = 3fc||3+ for fc = — 1 mod 3 
which exists for A; = 2, 5. 

For p = 5 case we may follow case VIII. C and use Table 11 to find in the usual 
way that Th,g = {T%{hk,b),^'^^ ,'Wk) of genus zero i.e. th,g = 5k\\5+ for 
k = ±2 mod 5 which exists for k = 2,3, 7. F/j^g does not exist for k = ±1 mod 5. 



Table 12 summarises the results for cases I- XIII. C: 



Cases 




p = 2 


p = 3 


p = 5 


p = 7 


I.C 


p^k- 


12- 


IS- 






II.C 


p^k + p'^k 


12 + 12, 
20 + 20 


IS + 18 


50 + 50* 




III.C 


p^k+p^ 


12 + 4, 20 + 4 


IS + 9 




- 


IV.C 


p'^k + k 
Ak + k' {p = 2) 


12 + 3 28 + 7 
12 + 3' 20 + 5' 


IS + 2 






v.c 


p'^k+ 


12+, 20+, 
28+, 44+, 
92+ 


18+ 
45+ 


50+ 




VI. c 


pk — 


6—, 10— 


6— 


10— 




VII.C 


Impossible 










VIII.C 


pk\p— 


6|2-, 14|2-* 


6|3- 
15|3-* 






IX.C 


4fci +Ak,p = 2 


12^ + 12, 
20| + 20 








x.c 


Impossible 










XI.C 


r\p^k~a] 




A; = 2,7 






XII.C 


pk + k 


6 + 3, 10 + 5, 
14 + 7, 22 + 11 
46 + 23, 


6 + 2 
15 + 5 
33+11 


10 + 2 


21 + 3 


XIII.C 


2fc|2 + fc 
2fc|2 + fc' 
pk\p+ 
Pk\\p+ 


6|2 + 3 
6 2 + 3' 
10|2 + 5' 
14 2 + 7 
14 2 + 7' 
22 2 + 11' 
26 2 + 13' 
34 2+ 17' 
38|2 + 19' 


6||3+ 
15||3+ 
21|3+ 
393+ 


10||5+ 
15||5+ 
35||5+ 





Table 12. * indicates that no such GMF occurs. 



4.4 Case D: Anomalous Classes h — pk\p+ ... 

There arc a number of GMFs for g = p+ for p = 2,3 for which o{h) = pk but h 
is a member of an anomalous M class i.e. h = pk\p + ... Then the hauptmodul 
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property for the GMF can be demonstrated as follows. The Thompson series 
T/i(t) (^) has the following property : 



[Th{T/p)Y = Th,{T)+ const. 
and similarly for GMF functions we have B, p3 



(56) 





■ h ' 




p 


■ hP ' 


z 




(r) 


= Z 




_ 9 _ 




9 



(pr) + const. 



(57) 



We then obtain the following examples of such GMFs 
I.D p = 2 with h^A\2~ and h'^ = 2-. Then Z 



(2t) is a hauptmodul 



either for ro(4) when gh'^ = 2- or for ro(2) when gh'^ = 2+ from Table 3. 
Therefore from ( p7| ) F^.g = 8|2— or 4|2— where only the first example arises in 
practice. 

II.D p = 2 with h = 4|2+ and /i^ = 2+. Then Z ^ (2r) is a haupt- 
modul for Fo(4)+ when gh'^ = 2- from Table 3. Therefore rh,g = 8|2 + 4 



or 8|2 + 4'. If gh^ 



then Z 



9 



(2t) is the hauptmodul for 2|2 but 



no such genus zero modular group commensurable with SL{2, Z) exists fixing 

\ 1/2 

(2t) + const ) 











9 



III.D p = 3 with /i = 3|3 and /i-* = 1. Then Z 



for ro(3)+ and therefore rh,g — 9|3+. 

IV.D p = 3 with h = 6|3- and = 

(g/i3)2 ^ 3+ and (5/1^)3 ^ 2-) so that Z 
Fo(6) + 3 and therefore Th^g = 18|3 + 3. 



/i3 
9 



(jjt) is the hauptmodul 



2- 
9 



Then g/i'^ = 6 + 3 (since 
(pr) is the hauptmodul for 



V.D p = 3 with = 21|3+ and = 7+ . Then g/i^ = 21+ and Z 



9 

is the hauptmodul for ro(21)+ and therefore Th.g = 63|3+. 

VI.D p = 3 with h = 39|3+ and = 13+ . Then gh^ = 39- 

Z (pr) is the hauptmodul for ro(39)+ and therefore F/j^g — 117|3 



(pr) 
and 



4.5 Case E: Anomalous classes of type 4:k\n + 2, ... associated 

with the Baby monster 

Consider h — 4fc|n + 2, ... e M for fc = 1 or fc prime. There are eight such classes 
in the Monster. Then g = h^^ = 2+ and hence h is of order 4k in Cg = 2.B but 
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is of order 2fc in Gg = B. The corresponding GMF is then 



h 
9 



h 



e{g,h;ST^''S)Z 



{ST'^^St) 



(58) 



where e{g^ h\ ST'^^S) is a phase that must be present since h is anomalous. This 
GMF is directly related to a standard Thompson series and is therefore a haupt- 
modul. We have the following examples: h = 4|2+, 8|4+, 12|2+, 12|2 + 2, 20|2+, 
28|2+, 52|2+ and 68|2+. 



5 Conclusions 



We have shown how Generalised Moonshine can be understood within an abelian 
orbifolding setting and have explicitly demonstrated the genus zero property for 
rational Generalised Moonshine Functions (GMFs) arising in a number of non- 
trivial cases. We have also discussed other aspects of Generalised Moonshine 
such as properties of the head character expansion of GMFs and constraints on 
the Monster classes for products of commuting Monster elements. The orbifold 
methods developed in this paper can in principle be extended to analyse all GMFs 
towards proving the genus zero property in general. Examples of GMFs with 
irrational coefficients using these methods appear in |IT|. 
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7 Appendix A. Modular Groups in Monstrous 
Moonshine 

In this appendix we the describe various modular groups associated with Thomp- 
son series and Generalised Moonshine Functions (GMFs). Let F = 5i(2, Z) 
denote the full modular group. We define the following standard subgroups of F: 

ro(7V) = |(^^ J j eF, c = Omodiv|, (A.l) 
F[j(m, n)=|(^^ ^^eF, 6 = mod n, c = mod m| , (A.2) 



36 



„, , ( f a b \ f a b \ ( 1 mod n mod n, \ 1 / » „n 

rKn) = |(^^ ^jer, (^^ dj = (^Omodm Imodm jj- ^^'^^ 

We also use the notation T^{m) = V^{m,m) and V{m) = r(m, m). Note that 
ro(mn)and TQ{m,n) are conjugate where ro(mn) = 0„rQ(TO, n)^?^^ with 0„ = 
/I 0\ 

V n 

The normahzer 7V(ro(A^)) = {/o G SL(XR) \ pTQ{N)p-^ = ro(iV)} is also 
required to describe Monstrous Moonshine Let h be an integer where h'^\N, 
{h? divides N) and let N = nh. Then we define the following sets of matrices. 

TQ(n\h): The group of matrices of the form 

where a, b, c, d G Z. For h the largest divisor of 24 for which h'^\N, To{n\h) forms 
a subgroup ofAf{ro{N)). For /i = 1, ro(n|/i) = ro(n). 
We'. The set of matrices for a given positive integer e 

(c" i'e)''i«t = e,e||7V, (A.5) 

where a, b, c, d G Z. e||7V denotes the property that e\N, and the {e,N/e) ~ 1. 
The set We forms a single coset of ro(A^) in J\f{To{N)) with Wi = To{N). It is 
straightforward to show (up to scale factors) that 



W! = 1 mod (ro(iV)), We.We, = We.We, = We, mod {To{N)), (A.6) 

where 63 = 6162/(61,62). The coset We is referred to as an Atkin-Lehner (AL) 
involution for ro(A'^). The simplest example is the Fricke involution Wn with 

coset representative ( 'Ir n ) "^hich generates r — > ~\/Nt and interchanges 



^ -TV ^ 

the cusp points ai t — zoo and t = 0. For e 7^ 71 we can choose the coset 

representative ^ cfe ) where 6C? — 6A^/6 — 1 which interchanges the cusp 

points at r = loo and r = e/iV. 

uig: The set of matrices for a given positive integer e of the form 



] V det = 6, 6||5, (A.7) 
cn de J h 

where a, b, c, d G Z. The set We is called an Atkin-Lehner (AL) involution for 
To{n\h). The properties ( [A.6| ) are similarly obeyed by with ro(A^) replaced by 
To{n\h). 

AfiToiN)): The Normahzer of ro(A^) in 5i(2,R) is constructed by adjoining 
to ro(n|/i) all its AL involutions Wen We2, ■■■ where h is the largest divisor of 24 



with h'^\N and N ^ nh \ U 
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To(n\h) + ei, e2,.-- ■ This denotes the group obtained by adjoining to To{n\h) 
a particular subset of AL involutions We^, We2i ■■■ f-^d forms a subgroup of 

ro{n\h)+ : This denotes the group obtained by adjoining to To{n\h) all its AL 
involutions and forms a subgroup of jV(ro(A^)). 

Sometimes we abbreviate Tg{n\h) +ei, by n\h + ei, e2,.-- and TQ(n\h)+ 

by n\h+ (respectively n + ei, e2,.-- and n+for h — 1). 

: This denotes the modular group containing TQ{nh) having index h in 
0h(To{^)+)9f^^ ■ This conjugate contains the transformation r — > r + m/h for all 
m which takes the corresponding hauptmodul to h distinct ones labelled by the 
value of m, < m < h [^ . 

The following theorem gives us information about the cusp points of 
ro(A^): 

Theorem 7.1. For N square-free, all ro(A^) inequivalent cusps can be repre- 
sented by the rational numbers a/b such that b > 0, b\N , (a, 6) = 1 and < a < 
N/b; two cusps a/b and ai/bi being To{N) equivalent if and only if b = bi and 
a — ai mod {b, N/b). 

8 Appendix B. Identification of Generalised Moon- 
shine Functions 

In this appendix we consider the explicit form of the head character expansion of 
the GMF with (t)g{h) = 1 



h 
9 



{o{g)r) 



q 



+ Y,<^s{h)q' 



(B.l) 



for g = p+ for p = 2, 3, 5, 7 (see Table 1) and with h € Cp+ of order o{h) = kp for 
A; = 1 and k prime. Here as{h) = ag^s{h) of (pl|). From ( ^5| ) we therefore expect 
that 



as{h) = as-p{h) + Xs{h) 



(59) 



for some character Xs of Cp+ . 

For p — 2,3 we give the first 10 coefficients as{h) of (B.l) in terms of the 
irreducible characters of Cp+ from the ATLAS J24] . The irreducible expansion for 
p = 5, 7 appear in |2^, |2^. Then using |Q, | |23[ , [ p6t and [N2] we may identify 
the genus zero fixing group Th,g in each case considered. 

When g = 2+ then Cp+ — 2.B the double cover of the Baby Monster B then 
the first 10 head characters are: 
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oi = X1+X2, a2=Xi85, as = 2xi +X2 +X3 + X4, a4 = 2xi85 + X186, 
05 = 3x1 + 3x2 + 2x3 + X4 + X6 + X7, ae = 4x185 + 2x186 + X187, 

07 = 6x1 + 5X2 + 4X3 + 3X4 + X5 + 2X6 + X7 + X8 + X9 + Xio, 
as = 8X185 + 4X186 + 3X187 + XI88, 

ag = 8x1 + 10x2 + 7x3 + 4x4 + 2x5 + 5x6 + 4x7 + 2x8 + 2x9 
+2X10 + Xii + X12 + Xi4 + X16 + Xi7, 

OlO = 14X185 + 9X186 + 7X187 + 3X188 + Xl89 + Xl92- (60) 

Clearly the property ( p9|) is observed. Furthermore for s odd, is a character 
for B whereas for s even, as is a character for 2.B for which g is represented by 
— 1 as discussed in section 3.1 (iii). 

When g = 3+ then Cp+ — 3.Fi, the triple cover of the Fischer group Fi, then 
the first 10 head characters are: 



ai 
as 

07 

as 
ag 
aw 



Xi09, a2=Xi+X2, 
3xi + 2x2 + X3+X8, 
3xi09 + 3xiio + Xiii " 



^3 = Xl09 + XllO, £14 = Xl09 + XllO 
^6 — 2xi09 + 2xiio + Xll2 + Xll3, 

Xll2 + Xll3 + Xll4, 



Xll2, 



4X1 + 5X2 + 2x3 + X5 + 2x8 + X9 + Xio + Xi3, 

5xi09 + 5xiio + Xiii + 2xii2 + 3xii3 + Xii4 + Xii6 + Xii9) 

6X109 + 6x110 + Xiii + 4x112 + 4x113 + 2xii4 + Xiis + Xiio 

+X118 + Xll9 + Xl22- 



(61) 



Clearly the property (59) is again observed. Furthermore for s — 2 3, is a 
character for Fi otherwise is a character for 3.Fi, the triple cover as discussed 
in section in Section 3.1 (iii). 
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